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FORMAL DERIVATION OF JUNCTION TRANSISTOR EQUATIONS: 


We will now consider the diffusion model of the junction transistor. 
A 


A /_ 4 : 
‘gira KaWe  K* X2wg = X=0 Kew 
-&— we Cat aes ot Wictes ae, 


(a) Base Vez + Vec 


The minority carrier equation becomes 


2 
QQ) o--+p Sa 
n dx 2 
and ' : 
x ae 
L L 
= N N 
(2) An Aj + Bye 


we utilize a local coordinate system with its origin at the edge of the base- 


emitter depletion region. Then 


An(0) ss ws : W, al 
(3) 7 > -= 
An(w,) 3 Ly : ly 4 
i 
or J 
7 = An(0) 
eal —E : 1 
7 1 
w Ww 
B B 
B 2sinh — =e An (w.) 
1 Ly € Ly -l B 


Hence: 
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Wy-x 4 
An(0) sinh See An(w,) RARE 
(4) An= 
bbs 
sinh rie 


The minority carrier current is a diffusion current 


me dAn 
(5) Seat on 1 : 

dx 1 

oe x 
An(0) cosh - An(w.)cosh —— 
Eos Ly ROE IE 

Ww 
*N sinh 7 
the current at the two base edges becomes therefore: 

(ey rica a0) fa etnnn (oy fecen =e Bande) renege 
J_(x = = =—- —— An coth —— + —— An(w csch.-— 

2 by athe ae : hy 

C7) tae (ein )es- bata esch biasancl gee ) Scenes 
sees ote BME Gy ee 


We note that 


if EB WBE 
‘ Tale umes 
(8) An(0O) = 250 c -1|= AO . 1 


ve CB inate 
kT ee| ri 
(9) An(w,) 150 . -1|- Safe . 1 


and 


(10) w,=W,-d_-d 


(b) Emitter: 


The emitter minority carrier equation is 
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AP a”oP., 
(11) DS sey Dp 7) 
PE dx 


here we utilize a local coordinate system x. In view of Eq. (4) we write 


sinh —— sinh ee 
Lor Lor 
(12) AP. = AP, (wp) TTT Ae AP (w,,) 7 
sinh -—— E 
Le sinh -—— 
s Lor 
E 


The resulting minority carrier current is 


dAP 


E 
PON, Sa has TES “ 
cosh — 
qe E 
Be ae Stee AD ye 6 ee 
hore Po i! VE 
sane 
log 
The emitter minority carrier current at the edge of the depletion region becomes 
qb E VE 
(14) Wa) = AP Cw) coth —— 
be WE ie be = 
where 
qVBE 


kT 
(15) P (we) Peal é ~ 1 
and 
(16) w,=Wi-d 


(c) Emitter Terminal Current 


If we neglect recombination in the emitter depletion region we note that 


(17) J, = ~J op WR) - Jy (x°=0) 


The negative sign arises from the fact that the terminal current flows in the 


negative x and x* direction. By adding (6) and (14) we get 


kako OE oe. 
(d) Collector LEN ak Vac 


The collector minority carrier equation is 


AP. d7AP,, 
(19) O=- chan ve ice 


Here again we are using a shifted coordinate system. In view of Eq. (4) we 


write “ 
Worx 
sinh i 
S 
(20) APo = AP, (0) = 
2 C 
sinh :——— 
Ibe 
The resulting minority carrier current becomes 
dAP 
Do Wao eas 
w,-x 
C 
wD, cosh Le 
C2 yeu) ch ages Soe ahr) 
C L Ww G 
PG C 
sinh L 
pc 
Here 
qVBC 
kT 
(22) AP (0) = Poo € - 1 


(23) Wo = Wo - dic : 


The current at the boundary becomes 


Ww 
PG G 
coth L AP (0) ‘ 


PC PC 


(24) Jp ,(x=0) = 
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(e) Collector Terminal Current 


We again neglect recombination in the space-charge region. Then 


2) oode 


PEE Bom et 
Combining (24) and (7) cat (~ 


= Jp¢ (%=0) + Jig Gx =Wp) 


ee Neen 
AEN AL qV 
Wc fe arn “B aa 
(26) “Jo = TW, Pa roth + TH Mp0 coth hie - 1 
PC ie aie ON ee 
. a Vee bask 
- zat Ny esch 2 [e 
eh 
NAS eee EEE 
df yes bast. Drv l~ bate. : a os 
(£) Diode Model 
We combine equations (18) and (26) to obtain: 
Wp Mea Wee 4c 
J a coth| = | 7 coth| | 
e Ip, FO log Ly “PO Ly 
(27) = 
qD Wy-dy edn) aD W.- 
n B -E C PC nC 
-J cen ee c ch| ] Pr coth 
: by Ps iy cae te 
a B VRE 
_ Wa r Wee bc a 
Wie ad th eo 
qVEc 
, ap Wa doe pc] (eT 
L Np 9 coth € - 1 
N by 


This equation is the diffusion model description of the bi-polar transistor. 
Examination of Eq. (27) yields the conclusion that the element M4 is the base- 
emitter diode saturation current. The element Mm,» is the base-collector satur- 


ation current density. We write 


qa 
kT 
so Jor “ao [« 7 
(28) = qc 
J = J ike 
C ao eo a4" 
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Here 
% poten . Wa dpe Ape 
ah = S51 — L Noo csc ig Tie 
n N 


The coupling terms aio and ayy approach zero for large values of Wp The system 
would then reduce to two simple diodes. Thus, in a sense a transistor is a 


doulbe diode with one common region which is short. Suppose we measure the 


effect on Je of changing V 


BE’ 
aJ TUBE 
aV kT SE 
BE| AV, .=0 


and the effect on the collector current becomes 


\J qVRE 
ies sly ad 


aV py 21 
BE| AV, =0 


If we now define the current amplification factor de by 


ln 
OV a 
BE ZY 
(29) he = 5) 0 apt camer 
E SE 
OVER 
then tay) = a Jon 


A similar argument yields 


oJ 


ES 
OV... a 
(30) ap = ee i <4 
G 5G 
WVEC 
Fay "OR tac 
and, since a =a 
LZ 72Al 
(31) Op Joo = Op Jon = t+a,, = ta,, é 
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Substitution into (28) yields 


TRE 


ad at -a.. J € - 1 


(32) 


qVgc 


__—— 
eee | os 
Dey = Ise (e RT _i) Jeg = tee é ®T ') 


The base current density is simply: 


Jp = Je = Jo 


V 


Gates 


(33) Jn (1-a,)Jop 


4) 


+ (1-ag) Igoe 


If we bias the transistor into the active mode: V > OG, ¥ 


BE < < 0 equation (32) 


BC 


reduces to 


+ Op Joo 


er 


qVRE 
WS oy Chae [« _ 1 +9 


Je ~ Jgp(¢ 


C F SE SC 


or Jo = Os Jn + (1-a.,dp) Joo 


If Op is close to unity the base current will be very small, which results in a 


useful device. 
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a,-Forward Current Transport Factor 


The question which concerns us next is: How do we get Op close to unity? 


According to Eq. (29) 
(29) a. ae 


which, according to Eq. (27) becomes 


AD pay Wat pet p¢ 
Ly _ PO Ly 
POR i peceo  oO ns 
Fy Woe Westra Abe Wa-4 pp 4p¢ 
7 le P50 coth "ane ac S + Tok coth —— ND0 
PE PE N Ly 


we may re-arrange this expression to obtain 


In order to understand this equation refer to (6) and (7). The minority 


carrier current which is due to emitter injection is 


; qD Wood cee 
(36) Sy (x'=0) | La pany, vy aba Boo EC 
Due to emitter Ly Ly 
' qD W.-d__-d 
(37) Jy(x =w,)| me cope Ee PCA en) 
Due to emitter Ly Ly 


The ratio of these two currents is the transport factor 
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t 
Tikes ira 2 eee 
F Jy & =0) Ly 


Due to emitter 


(38) B 


This transport factor is a part of a We should arrange our transistor in 


¥- 
such a way that ef +1. This surely means that We << Ly: If this condition 


is satisfied we write 


cosh x =$ (ome) 
ak 1 ‘i ig! 
= 2 (1+1) + 7-1) x + 5 (4+1) 2 +. .6 
= aL +5 “es if x is small 
Hence 
Pent oe ee , ade very 1? 
cosh x 4 Z 
th XK 
7 
Thus, if We << Ly 
2 
W.-d_._-d 
# _ 1 BE .22C 
(38a) 8, * 1-5 ¢ 7 ) 


In order to explain the remaining part of Op let us consider the expansion 


for the emitter current. We write, in view of (18), 


qv 
BE 
qD W qD W es 
(39) J (x =0) | = ( oc coth = +n Pe - 1) 
Due emitter injection PE PEN by 


The injection efficiency is defined by 


a9 


J, (x =0) 


ee 
J, =Q) 
Due to emitter injection 


(40) te 


1 
Se a ae 

Jp gv) Due to emitter injection 

1+ — — 


Jy =0) 


But this becomes simply 


1 Wa tpg 4pc 
(41) Ye = > L p tanh 7 
PE N EO N 
La Dr. ou n W_-d 
n PE PO E nE 
tanh 7 
PE 


This is the second part of pe We may write 


(35a) On = Be Vp 
3y (x =0) Jy =W,) 
JG =0) Tyg & =0) 


Due to emitter 
injection 


Thus Op is the ratio of the emitter-injection minority carrier current which 
arrives at the collector-base boundary to the total emitter current. It is 


obvious that we require Yr to be close to unity. In order to do this assume: 


This would imply a short base and a long emitter. Then 


140 


1 


(41a) Y,? 
- PO (We-dpg dc) 
ST anew 
PE PO 
es Z 
i 1 
But P Mer ey NT BE ae ah ee are 
EO Nor n.- DE E Py 
Hence P50 i Ny 5 PE 
Aes) Sevres 


where Po and P_ are the bulk resistivities of the emitter and base respectively. 


B 
But then 
SAID Dee W Ti -d_. P 
Beer pes Gee 
1+ 7 es 
PE B 
Pe 
if we dope the emitter very much more than the base 5- << 1. Then 
B 
Wa Spe Spc Pe 
vee? HOMME chek oom air ee Tn ane a 
PE B 
and 
2 ee 2 = ee 
Sete Perr |B PE CPC cE 
Sah eda eros Fin PROT Tg | as 
N PE B 


This expression applies to a well designed device with uniform doping in the 


base and emitter. The expression for Op becomes 


2 
- dor a - Wa-top pc we 


Ly Log PB 


2 L 
(35c) Oo, * i 5 


Normally Pa >> Poe which implies dp < Ape This condition: Po >> Pr is normally 


the result of break-down voltage considerations. 
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The Ebers-Moll Equivalent 


The Ebers-Moll equivalent is perhaps the most powerful tool which we have 
to help us understand devices. We will demonstrate this with several examples: 
(a) Open Emitter: 

Suppose we use the collector-base junction as a diode and leave the emitter 
open. We ask: What kind of a diode is it and what will Ver be? In order to 


answer this write 


Wan Wao 
uy kT kT 
0 = Jon (e 1) - Op Joo (e 1) 
or 
Wor " W 3c 
veers a, (eet 
SE 
But Wer Wc 
rf kT kT 
Jo Op Jon (e 1) Joo Ce 1) 
Wao 
aa LE 
~ Jo Jog OL Op Op ) (e ~1) 


The saturation current of this diode is therefore Jo = Joo Q ~ O,Op)» 


The base-emitter voltage becomes 
qv 


BE 
PBS TN eg Ma Te ous 1 
RJgp (l-ap0Q) Igo 
But 
IEC cael 
Ise OR 
Hence 
kT Saye 
Vee" oq faethe She 
q PR “sc 
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The device looks as follows: qv 


++ 


Note that the emitter-base diode is slightly forward biased. Since we know 


Var when Jo is known we could calcluate the resulting excess carrier concen- 


tration in the base. 


If we make Vac negative the collector terminal current becomes 


Jo x (1-a pap So¢ (into collector) 


This current is commonly referred to as JoRO' Notice that it appears as part 


of the collector current in the active mode. (See page 135). 


CQ, 
2 


Onde + (1-a,a, ) Joc 


C 
= oN a Pos 
Since Jp = J - Jo 
= (ee, Jee 3Cn0 


We find the following for the active mode 


Grounded Emitter Characteristics: 


The most commonly used device characteristics are the I, versus Vor families 
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in which I, is used as the parameter. This is accomplished on a curve tracer: 
a L 
ts 
= 
The mathematical description may be derived from the Ebers-Moll equivalent. 
WBE 
kT 
I I -a I € ~-1 
(zy Ela| SE R'SC | “qvac 
I, °F se “loo kT « 
(2) I, = I. - I, 
orev GET GRY) BC 
We start by inverting Eq. (1) 
oY BE I ~o. I I 
kT Ay SC R SC E 
1 
(4) qv ~ 
BC Tet le](=a8ds) 
KT SE SC FR Opler Tor I, 
€ =-l 
qv 
BE 
4 Tooter scte 
3 ee Il. (1-a_o. 
SE’ SC FR 
qV 
BC 
AKT, ge EASESE iaGEC 
TI l-a2d: ) 


SE SC FR 


The emitter current may be eliminated by using Eq. (2). This yields 
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qv 
BE 
~ . 
(5) RT eget (1-o,) Itt, 
I. (l-a_a 
SE ER 
qV 
BC 
(6) mie 2 (1-a,,)IQrapt, 
T_.,(l-a_a_ ) 
SC FR 


We combine the two equations by using Eq. (3) 


Wop 
ite (1-o,)I, — Opt, ) _ Wigs S . (1-o,)1, + I, 
1 (l-0.a:.) I__(1-a_o., ) 
SC FR SE FR 
or 
Wor ti tis Wor 
“ ae i - a a if aS eye Jr, 
SE‘ “FR SC FR 
Wor 
ep ky 
‘hee ee 
I, (1-o,ap) T._(1-apop) B 


The emitter saturation term may be eliminated by recalling that 


oh stn OR SE 
eens 
SE a, SC 
Wop Wor 
kT hae kT 
IQ Opp) Ce -1) = Sogek Rt + (1-o,,) € )I, 
Wor 
oF kT 
+ (—-awte y1 
Op F B 


Then 
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Wor Wor 
kT 1 : kT 
aCe - ap 1 + (l-a,ap Too (e 1) 
(7) Ln 
‘é qV 
CEs l-a, 
Chua ange ee ) 
F 1l-oa, eo} 
F R Vv 
TCE 
kT 
It is this equation which is displayed on the curve tracer. If ¢€ becomes 
very large the equation reduces to 
OF 
(7a) In = Ta, I, + = a (1- “pp ) Ion 


The curves are independent of V They are constant current lines, The 


CE’ 


separation between successive base current steps may be obtained: 


a 
he TREE 
I, (n) = Tea, AI,n + a NE oO. FoR) I o¢ 
a 
I, (nt1) = AI piatl)+ sa “a, (1- “Ap Op) Ion 
Hence: 
OF 
MA a RU AGT) AED) eee 
or 
ATI 
@)1 9 & aye = 
B oy 


This is the common emitter current amplification factor. The low voltage 
response of the transistor is complicated. Parasitic elements enter strongly. 
This is particularily true for the collector resistance. This element, which 

is not part of the diffusion model, is due to ohmic voltage drop in the collector. 


We may account for it as follows: 


o : 
Ses Vee 


G 


Fe 


The measured collector to emitter voltage is 


and Eq. (7) should be modified by letting Vor 


to emitter voltage will therefore be zero if 


(9) Vo2-8 rT 


cle: The true collector 


First Order Common Emitter Characteristics 


Transistor Equivalent Circuit 


In view of our previous discussion it is evident that the low frequency 


equivalent for the transistor in the active mode is 
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This implies that the output impedance is infinite. Unfortunately this is not 


quite true. In order to understand this consider 


qv 


BE BC 
‘i kT kT 
Jo = Op, Jon (e 1) Jog Ce 2) 
We define the output admitance by 
ai 36 BE ac 
cares C Foy Ce kT TO areas kT 
C oV OV SE SC kT 
BOGS ied wee 
BE 


The last term is very small in the active mode since Vac +-o. We will neglect 


this term. Since 


BE 
B kT 
Jo Os SE € 
We may write 
oJ, : 8 r : 
oV om. OV C 


BC F BC 


But 


Lg Be PGiaEOn pasa Bi 
, . hy B LE 


Hence Oe is a function of Vac due to the depletion region doc which narrows the 


base. The collector current may be written as 
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War 
tn" PO 1 kT 
J, ~ (e -1) 
C La We 
Se 
Hence 
Ww 
B qv 
cosh — BE 
Jq _ Pao eB ce EG 
Nec Deven . Smee “pe 
sinh ame 
N 
WwW ow 
jase 8 B 
= J. coth =— 
C Li Ly Vac 
ow Ww 
=I eta re OF 
B BC Ly 


wy ge ore were eRe 
3eV 1/3 
CB 
-w,- -—) 
2qa 


Here a is the slope of the impurity profile at the junction. Then 


cal ak ig de a Lo 

Vac 3 2qa Vop 3Vop 
Then 

a5, ipa dt 

VEC 3Von Wy~4p¢ 
or 

(EP te ae 
ce a 2 ie 
C PC 
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Consider now a transistor which has We = du, doc = ,3y Veg = 10 volts, I, 


= 10 ma. Then 


= 6000 ohms 


Surely this is less than », The resistor To which shunts the current source 


should therefore be added. 


AC-Diffusion Model 
Let us now consider what modifications we must make to account for AC 
excitation of the device. Consider the minority carrier transport equation 


in the base: 


The laplace transform of this equation is 


ah SAN d“ AN age 
SAN = 7 + dD, 5 AN = (an) 
N dx 


We write this as 


Need cAN 


1+ST,, dx2 


AN 


If we define the AC-diffusion length by 
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This has solution 


But this is exactly the form of the DC-solution. Thus, if we assume that we 
have some excess densities at the base boundaries our solution will take the 
same form as the DC-solution. Indeed we can get the AC-solution from the 
DC-solution by the replacement Ly ~ Aa 

The boundary conditions are of the form 


qv 
kT 


If V is time dependent these become 


G V 
iy kT 


ay EF) 9) 


and 


With these ideas in mind consider a long diode. The DC-solution is 


The AC-solution becomes: 


qD n 
y= |-3#2 


qv 
qD \ 
FO VI+ST_ Be erent = n0 VI+8T,, (sf, ie | -1| 
Lo Lp 


In the steady state S > jw, where w is the driving frequency. If we assume 


that 1 >> wT and 1 >> wT, we may expand the square roots: 


Jae 


The saturation current becomes frequency dependent. The applied voltage is 


assumed to be 


V=V, + v(t) v(t)<<V) 


Then 


i} 
m 
d 
| 
gs Ta 
ay 
+ 
< 
= 
ct 
VY 
a 


Hence 


ma 
an 
™m 
x 
ey 
[A a 
| 
OO 
A 
| Re a aeatn 
a 
+ 
x 
Ble 
< 
on 
wn 
4 
nen 


qv 
0 
qD_n qD_P os quo nis iy 
ee pe Soe: | Beg pe eee ee) + 
N 
qV 
ican P eee jut 
L, [1 + 3 # |] kT “O 


The first term is the DC-solution; the second term the AC-solution. We define 


the AC~admittance as 
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qo 
A qD n A qD_P T 
Y= sag = FO [1 2] + ; nd [rei + \\e" F/, 
Voé P k | 
= G+ jwC 
Where qv 
qD_n qD_P : 
é n PO P n0 kT 
G = = Ms oa SG ba 
n FE 
qo 
a 1 "PO Zn PP nO 'P at 
L 2 L 2 
n ie 
These four elements: oo CG» Cp» Cy constitute the small signal equivalent 


for the diode. The network is referred to as the diffusion equivalent. 

In a transistor we have two diodes: E-B and BC. These may be represented 
by a diffusion network. 

There is an additional frequency dependence in the transistor. The device 


is based on the assumption that 


Veen 
This becomes 
Jip 
WR << js dS Sa 
vitjuT 


Obviously this condition cannot be satisfied for high enough frequencies. But 


this implies that a, itself is frequency dependent. This is due to the 


F 


transport factor 
W.-d.__-d 
ait = {cosh Se a, | 


By manipulating this equation we can show that 


. ¥ “ 
: oh SA et } 1 ’ 
ae oe) ee a + 
y he honk Bs BoM ff - f " / é } 4 As % ‘ 
} ‘ ee Te ee 


a SN. 
fehl Ns ae 


ie i Wa 


REVIEW OF MODERN PHYSICS 


The Basic tools for the analysis and understanding of conduction phenomena 
in solids are contained in what we might loosely call quantum mechanics. The 
early name of this segment of modern physics is wave mechanics, which would 
imply that some understanding of a "wave" is needed. 


Consider then the basic ideas which we associate with a wave: space and 
time. Thus 


(1) o(x,t) = A sin (kx-wt) 


represents a plane wave. The word "plane" arises as follows. The phase of the 
wave is defined by 


(2) Py = kx-wt 


But sind = sin(6+27mn). Thus, more accurately 
(3) P = kx-wt + 21m 
For points of constant phase P is a constant. Here 


(4) io eee on E 
WwW W Ww 


Represents a family of straight lines on the x-t-plane. 


c 


Note that the distance , measured along the x-axis, between neighboring equi-phase 
planes is 


Pp 27 P 
olte g agence 
(5) 
Ax = a 


but this should be exactly one wavelength. Hence 


2m 
(5a) A = = 


The velocity with which the constant phase points move is readily obtained by 
differentiating (4) 


k dx 
l= w dt 
(6) 
ath ko 2h te ee 


This velocity is called the phase velocity of the wave. The parameter k is the 
wave number. The fact that the constant phase contours would form planes in a 
three dimension space x,y,z yields the name "plane" wave. 

We may write equation (1) somewhat differently. 


o(x,t) = A sin(kx-wt) 


A sin x-2nft) 


= A sin ome - ft) 


21 
A pi tah) 


b (x,t) = Im (ded (xt), 
or, if it is understood that the imaginary part will be taken even 
(7) v(x,t) = acd ewe) 


Suppose we examine this plane wave somewhat more. Equation (7) suggests that 
it extends from x = -~ to x = +». The location of a particular point on the 
sine-wave might be specified by starting the phase at that point. Note, how- 
ever, that there are some conceptional difficulties in this location idea. In 
order to clarify this let us consider the superposition of the plane waves. 
The first one is specified by (7), the second by (8): 


(8) Vo(xst) = A, i (ktAk)x - (wtdw)t) 


This second wave has a slightly different frequency. It therefore has a slightly 
different wavelength and wave number. The phase velocity of the two waves may be 
the same. If this is so the specification of Aw will also specify Ak: 


wtAw 
k+Ak 


ale 


(9) 


Ak = Aw 


€ [> 


the total wave is the sum of the two components 


(10) onimid Ran 
A 
Age (kx-wt) [1 + - sa (Akx-Awt), 


But this is nothing more than an amplitude modulated wave. Its maximum is 


J percd( Cus oi ey ete aa 
T Z 
max 
its minimum is 
Vln ahetichy) es 
min 
The maximum occurs whenever 
(11) Akx-Awt = 27m nm = OP ew 2 en 


The velocity of the maximum is 


dx Aw 
se heat 3 
or, in the unit 
_ du 
(12a) “= ak 


This quantity is defined as the group velocity of the total wave. Note that if 
the phase velocity is a constant, i.e. independent of frequency; then 


dv 
dw _ __¢ dw 
(13) dnew ce an donk dk 


We may summarize our ideas on plane waves by working an example. Consider a 
very long resistor which is shunt-loaded by capacitors. This network is in 
the limit an RC-transmission line. Its analysis proceeds as follows: 


Fig. ave 
Fundamental RC-Line Section 


in order to write the differential equations for this network consider the loop 
equation 


V(x) = RAx (I(xtAx)) + V(xtAx) 
V(xtAx) = V(x) + AV 
= V(x) +o Ax 


here 
— = — RI(xt+Ax) 


the node equation at x yields 


I(x) = I(xt+Ax) + CAx = 
Hence OL gry ps, OV. 
ox ot 


if we take the limit case Ax>0 this system becomes 


av _ 
(14) en RI 

oI QV 
(15) Sere on ae 


by differentiating one obtains 


92V 91 
. BK wows 
(16) Ay sane 
2 
IV. ag W 
0X ot 


if it is assumed that the solution to (16) has the form 


V(x,t) = Pej coat 


Equation (16) becomes 


(16a) 2 a 
ae = jwRCV 


This equation permits the solution 


(17) UGE ,t le Vesa See 


where Kae is some constant. We may write this equation somewhat differently by 
uae 


Byer 
noting that Yj = (e aye % ak Then 


2 

[ukC ‘aRC 
“Kote j(wt - (V2 )x) 
(18) - V(x,t) = Voe e 


The phase on this wave is given by 
WRC 


P=wt - 2 


The comparison of this expression with Eq. (3) yields 


2 
k = = or 2k = W 
RC 
Hence Vv a= dw Vv =i 
Gonidk o  k 
(0) RC RC 
= 4k. 5 / 2H 
"Ge RC RC 


Phase velocity and group velocity differ. 
In summary then’ 


(1) A wave is described by space and time coordinates. 


(2) The wavenumber is k -= 


(3) The phase velocity is v4 = 


ale 


wn 


(4) v, = £d 
dw 
(5) The wave group velocity is Va * Fp 
(6) The existence of a group velocity implies the existence of more than 
one frequency in the wave. It leads to the concept of the wave packet. 


WAVE PACKET 


The equation for a plane wave is given by (7). 


2 j (kx-wt) 
W AJE 
We may write this as 
y = u(k,x) eed et 
jkx 


where (19) u(k,x) = A,E 


Is the so called amplitude function. 


Suppose now that we assume that we have a continuum of equal amplitude 
functions each with a slightly different value of k. Then the total amplitude 
function will be given by 

kotdk 

(20) u,, () = | € 

ky7Ak 


Jka, 


Here we assume that equal amplitude functions of height unity exist for 


k-4k < k < k,+Ak 


0 
or Ak < k-k, < Ak 
equation (20) may be integrated to yield 


sinAkx nash 


(20a) up (x) = 2Ak Akx 


Note that if we write 


(21) £(k) = u(k-(k,~Ak) ) u(k-(kptAk) ) 
then equation (20) can be written as 

| oo 

(20b) up(x) = | aCe eal 


—90 


therefore, the amplitude functioa Up (x) is the Fourier transform of £(k), and 
k and x are Fourier variables. 


The relationship between u,,(x), the amplitude function, and Vinx, t) the 
wave function is not so obvious. We write 


00 
| E(k) ed R-ME) ay 


00 


“foo 
| E(k je 


«=00 


co 
| (£ (k)e 


=O 


(22) Une st) 


jk(x-v ,t) 


Rea 


—jkv 


t 
© ye) a, 


Suppose now that v, is a constant. We may then use the following theorem from 
Fourier transforms! 


=+00 
if up (x) = | Eth) aoe dk = RCE CY) 
+0 
then rs 
u,, (xa) = | Gina oye ax 
eerrdiee 4) 


Where a is a positive real constant. 
This theorem or a detailed integration allows us to write 


cia has jkp (x-v, t) 


(22a) Vip (Xt) = 2Ak ak GHv,E) € 


therefore if v, is a constant the relationship between the amplitude and wave- 
function becomés 


up (x) = Vip (x, t=O) 


Note that Eq. (22a) is again an amplitude modulated sinusoidal wave. The 
wave has a single maximum which is given by 


0 = Ak (x-v,t) 
O = Akx - Aut 
This maximum travels with a group velocity which is equal to the phase velocity. 


This condition is due to the assumption that the phase velocity is a constant. 
The single rather than multiple maximum which we had earlier is due to the use 


of the Fourier integral rather than the Fourier series. There is one more con- 


sideration which we might find of interest later on. Suppose we ask the question: 


under what condition will f(k) represent a wave packet? 


In order to answer this lets study the amplitude function 


up Gr) = [eae ae 


note that if 
fix |<< 1 


up Gx) # 0 if f(k) #0 


in order words the intergral will have a non-zero value as long as 
(23) | AkAx|<< 1 


Here Ak and Ax refer to suitable intervals in k-space and x-space respectively. 
If we now state that f(k) * 0 outside this k interval then u,, (x) will be non- 
zero only over the interval Ax. Hence u,, (x) will be the amplitude function 
associated with a wave packet. 


PRACTICLE CONCEPTS 


In order to understand what is meant by a particle let us start with 
Einstein's Mass-energy equivalence. It's origin resides in the fact that 
the mass of a nucleus is slightly less than the sum of the masses of its 
constituents. 


(1) E, = mc" 
The mass in this equation is the relativistic mass 


EG 


(2) nm = 
eT 


Here my = m(v=0) is the rest mass of the particle. The particle momenum is 


(3) P = mv 


Lets consider the energy in some detail. If v = 0 


2 
(4) E,(v=0) = Epo ™ Me 
It appears as if E,, is the total energy. It contains terms which depend on 
velocity and some form of rest energy, which we would normally associate 
with potential energy. Let us explore this a little bit further. That part 
of the energy which is associated with motion is 


C 


BB ~ Engst 


(5) 
yd saan i 


Se oma | shy 
chase" Nes Ue &? 


consider now the unit as nS “lh 


1 


1 s L ce 
: 2 1iyy2 
A-&* eas Ga) babsonZand 


2 
lw 
1 + 7) 


Hence 


2 
E mye’ [1 + $& -1] 


(5a) 


This is the familiar classical expression for kinetic energy. Note that it 
refers to a particle with constant mass. The total energy of this non-relativ- 
istic particle is 


(1a) En = + mv + myc 
The rest energy appears to be a potential energy term. Note, however, that we 
are essentially talking about a free particle. In electromagnetic theory we 
relate field and potential by requiring the field to be the negative spatial 
gradient or the potential. Field in turn is associated with force. A constant 
potential will not result in a force on the particle. Hence we speak of a free 
particle: one on which no forces act. The argument is exactly the same here. 
We may conclude that Einstein is talking about a relativistic, free particle 
with the property 


(I) @) E,* fe Cla ste = mc : 
2 


(Ti) 4.6? iechan amt (ib) ae m{1-@)*}_ 
abst 2 | 


(III) (6) pe = [Es-En nan] 


The last equation is a consequence of (1), (2) and (1b). 


THE PHOTON 


Consider a photon. It has a frequency y and wavelength A. It is a wave 
and travels with the speed of light. Its energy, according to Planck is 


(1) E,, = hy 
and, since it is a wave 
(2) Vi. = XY 


There are some difficulties, however. Planck states that the energy of the 
photon cainot be subdivided. In the compton effect the photon acts as a 
particle. If it is a particle what is its rest mass? Can it be both wave 
and particle? If it can how are the two properties energy and momentum con- 
served? 


In order to study these questions let us start with the condition 


(3) Epart ~ “WAVE 
id ae 
or mc = py 
or (4) m = ay 
Cc 


Thus, if we assign the mass m = te to the photon - (particle) it will have 


the same energy as the photon - (wave). 
Momentum is 


P = mv 


=@Dv 
Cc 


Here v is the particle velocity. But the photon-particle travels with the 
speed of light. Hence 


ree 
(5) aa 


if we now assume that the phase velocity of the wave is also equal to the speed 


of light we obtain from (2) and (5) 
(5a) P = +k 
for the momentum of the photon-wave. The remaining particle equation 
2 Z 


(6) (pe)” = Er ~ Epest 
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becomes 
2 2 2 
(hy) = (hy) - Epo 


From which we conclude that the rest energy and therefore the rest mass of 
the particle is zero. An alternate expression for Eq. (6) is 


(6a) w = ck 
here 
Signy J 
es iets a 
v, = hed el 
G dk 


the transformation from a particle to a wave is successful. The wave des- 
cription is 


I SP (E,. * me”) 
IT. -P Paitk (P = mv) 
III. w = q(k) ((pe)* = ES . Beer) 


WAVE-PARTICLE DUALITY 


In the preceeding section we studied the photon as a particle. Let us 
now examine an electron as a wave. In order to do this we start with a 
relativistic, free electron. 


(1) EparT ~ “Wave 
mc 8 == hy 

(2) Poart ~ PwAVE 
mv = hk 


combining the two equations yields: 


Beowieeeh ket, cic! 
P m 2n Ay AY 
But 
=} 
vi, Y 
Here 
2 
3 v,=c 
(3) Vo 4 


Thus, in order for both points of view to be valid we must have the property 


4 


that the particle velocity times the phase velocity of the wave is equal to the 
speed of light squared. This still doesn't tell us how to transform a particle 
of velocity Sh to a wave. However, we have one more equation: 


ps A 2 
(4) (pe) = En - Ennor 


or 
tke)? = chu)” - (mge”)? 


Wace Za? 
ae noche jel: (Eu 
hk 


The quantity 


is commonly referred to as the compton wavelength of a particle. The associated 
wavenumber is 


mc 
k= a oe 0k 
cT + 
then 
. ke ood 2 
(4b) w = ke[l + Cz ] 


We call this relationship the dispersion relationship. Since the phase vel- 


ocity is defined by v, = = it becomes 


Onauk 
k 1/2 
2 -y 
(5) Veit cll + it J 
- dw 
The group velocity becomes Y eunidig 
% c 
(6) v= pean, 
[1+(==) 7] 


Or 2 

(7) YG%4 =c¢ 
But in view of Eq. (3) this results in the immediate conclusion that group 
velocity and particle velocity are the same thing. A little more accurately: 
the particle velocity becomes the group velocity in the wave picture. We 
emphasize this by writing 


12 


dw 1 
(8) wees v= aE : dk 


Suppose we ask next: What modifications can be made in the wave picture if the 
particle becomes non-relativistic? Since this means “p << 1 we may use (6) to 
write ce 


aGies 1 
Cc 


or kan 
applying this approximation to (4b) yields 


1/2 
eee 

Ww =kc¢ [1 + ey ] 

(9) ie 

w =Kic LS ebzaaies ] 


This is the non-relativistic dispersion relationship. Note that 


(9a) dw _ hk hea 
dk No h dk p 
and D 
(9b) dw = he or iS cies, os ay 
2 m 2 2 m 
dk 0 h dk 0 


These two equations have very important consequences. The newtonian force 
equation 


wee 
F = at P 
Bp edic 
becomes F=h a 
in its alternate form: 
dv 
E> Dotrat 
it becomes 
a°E 
FeC4+r)¢ ~~ ® 
1 dE 2° dG 
eget, 
eae 
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Wave 
(1) bp =o y 
(2) ps hk 
(3) EREST =hk.c 
dE 
die ier 
Geto dei; = dk 


k 5 ye 
(5) E(k) =hke [1+G5)"] 


(Oey 


oe 
ele 


Notation: fee 
27 


ets OSs 
ns h 
Wave Formulas: 
27 
ae 
w = 2Ty 
v, = 2x 
$ Vf 
Special Case: ViorRe src 


7) By = hk,e (1+ 7G) 
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Particle 


(1) £E 


(2) aap 


(3) Exgsr = 


(4) v 


(5) 


(6) v 


o~ 
ue] 
Q 
Na 
ho 
i] 


THE DISPERSION RELATIONSHIP 


>» 
) In order to illustrate the meaning of the dispersion relationship let us 
consider a transmission line problem. 
—_ Le 4) eee | —> Pxsax,f) 
~.\ ; 
oy) +L ohms 
Vy) i 
as Cc - ¢7 mM hos Vesa ) 
| y os yw us [heck ! 
The fundamental structure of such a line is shown above. Note that we have 
frequency dependent L and C elements. L,C,A and «x are constants. Harmonic 
time dependence is assumed. Then 
Chu 
(1) sia -jwLI 
2 ™ oL 
or 2 
(3) ate w°LCV = 0 
ox 
We now assume that the voltage along the line has the solution 
v=Ac ™ 
where 
aa = Eras 
= ~(wL' +A) (w'=«) 
Ee iciO etch 
Suppose we pick our line parameters so that 
t 
q 
bic’ a +, Eb a4, chek? 
CeCe 3 
yee 
Then y= +4 ((@)2-k a) 
Cc = 
oy The voltage along the transmission line becomes 
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H Z 9 n/2 
j[@ “k. ) x-wt | 
(1) V(x,t) = Ae 


but this implies that 


We on ae 

‘2 1/2 

w = ck [1+) ] 
Cc 


our transmission line has exactly the same dispersion relationship as our free, 
relativistic particle in the wave picture. 


Examination of (1) yields the conclusion that V({x,t) is also a solution 
to the following equation 


a a 2 
(2) “fe 2 vcx,t) = 2c? 25 
ot ox 


be 52 8 
V(x,t) + (moc ) teVicxst) 


This equation is Schroediger's equation for a relativistic, free particle. 
Suppose now that we want to study the behavior of a wave packet on the 


transmission line. Note that (1) is the solution for the voltage for harmonic 
time dependence. But any w will work and the equation is linear. Hence 


4-00 
o(x,t) = | £ (k) el Re-wE) dk 


== OO 


will also be a solution. For f£(k) we already know the desired character in 
order to get a wave packet. A suitable function is 


(3) f(k) = « 2dk 


Here Ak is a neasure of the width of the packet in k-space. In order to study 
the effect of the dispersion relationship let us write 


2 
wk) = wk Shel |) (keke eee eee 
0°" dk, 0) 2 | 0) 
0 rte 
0 
or 
(4) tw (he) = ae eee ee eee 
0 o +3 0 


The resulting wavefunction is 
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ss 2 
4 (ck x-wt) r jl (k-k,) (x-8t)- S(k-k,) “t] 
(5) (Gres ek ope as ct (DE : = peat: 


this equation may be integrated. The solution is 


| : 
t k  2nAk? ~Ak? eee 
(6) CP Es nee . 1+(atAk’ ) 


[1+(atAk )7] 


We are interested in the width of the packet as a function of time. Let us 
estimate this by setting 


2 
a Ak? (x-Bt) 
€ 


ae Tear Ak~)“ 
or 
1/2 
(7) Geto a= = Gh oe eee 
= Ax(t) 


Note that the width of the packet at t = 0 is given by = It increases as 


a function of time. In particular, 
hx (ct) oAKe al 
or (8) Ax Ap > fh 


This equation is the uncertainty principle. It simply states that it is im- 
possible to have exact information on location and momentum of a particle 
simultaneously. The idea of a precise value is replaced by a range of values 
in which the particle exists. The idea of probability occurs. 

The uncertainty principle extends to all Fourier transfomr pairs. Thus 
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NON-RELATIVISTIC PARTICLE 


It was shown earlier that the dispersion relationship for the non-relativistic 
free particle is of the form 


y 
1 ck 
(1) w= ck, +5 
c 
or 
2 2 
Pee ta K 
(la) Er = moc +> ia 


Note that the first term of (la) may be considered as the potential energy of 
the particle: 


2 
(2) Ve wathrt 
since 
au zZ 3 
(3) k =| — (cho - mc’) 
+2 fe) 
The solution to the transmission line voltage becomes 
1 
2m > 
Zxruit 
ity (Rw-m.c))" x-wt] 
(4) V(x,t) = Ae ’ 
2m, > Ee 
Ses (E,-V)) sate t] 
= Ae 


Examination of this equation yields the conclusion that V(x,t) is a solution of 
the equation 


(5) ey a ee ec ae sh 9 (x58) 


This is Schroedinger's equation for a particle in a constant potential. If we 
assume that 


E 
T 
sel 


é. a= C 
V(x,t) bane Wx) € ¥, 


which is essentially the steady state assumption from circuit theory the equation 
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becomes 


2 2 
ers 
= aa: + yO) W(x) = Ep W(x) 


(6) (= 


This equation is generalized by removing the restriction that V_ is a constant. 
It is then called Schroedinger's time independent equation. 


The question becomes now: What can this equation tell us? It would 
appear that we should start the answer to this question by examining the 
physical significance of ).In order to do this we note first of all that wv 
is a complex quantity. But then ~*y is a real quantity. w* is most likely 
a function of x. Note that we can say nothing about the dimension of jp. 
Equation (6) may be multiplied by any constant but |*W appears to be some sort 
of intensity which is defined at the point x. In view of the wave-particle 
picture this intensity would be related to the location problem of the particle 
in the wave picture. In that sense it makes sense to call w*l dx the probability 
of finding the particle in the interval [x+dx,x]. The probability of finding 
the particle somewhere in one dimensional space is unity. Hence 


foo 
(7) l= | wey dx 


== 00 


Suppose now we look at the structure of Eq. (6). It is of the form 


(6a) ov EY 


Note that E,, is exactly what you think it is: the total energy.We already know 
that it is a time independent quantity. We also know that it is an x-independent 
quantity. It is therefore a constant in Fq. (6a). 2, o is the energy operator. 
The structure is therefore 


operator working on = constant times wv 
We call this type of equation an eigenvalue equation. In particular: 


E,, is the eigenvalue of 2 


x E 


and yy is the eigenfunction of Qe 


both quantities, E,, and ~ are unknowns. They are determined from Fq. (6) and 
the boundary values of the problem. But there are other things to which 
Schroedinger's equation must supply the answer. We have already seen the 
emergence and importance of the dispersion relationship. We derived it for a 
free particle. But Schroedinger's equation allows the potential energy to be 

a function of x. The restriction of a free particle is removed and, therefore, 
the dispersion relationship E = E(k) must change. Schroedinger's equation must 
give the answer to the question: What is E(k) for a given V(x). The existence 
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of the dispersion relationship in turn resulted in the uncertainty principle. 
It too should be a part of this equation. Finally, the transformation of 
F = ma to 


pie 
= Ae ee dk 
Pe ee et at 
OF 2 
SOT ng os 
Vive 


Has to be preserved. 


SCHROEDINGER'S EQUATION IN THE CRYSTAL 


In order to study the motion of an electron in a crystal let us consider 
a one-dimensional array of nuclei. Each lattice site carries the charge +q. 


@ @® @ P a 
— 
© Qa Za KYre Ya 


The electrostatic potential associated with this array is 


A ee a 
v(x) 4nex Bs 4ne(x-a) Bs 4ne (x-2a) Mee 


tf the array is very large so that end effects are small the electrostatic 
potential will be periodic: 


v(x) = v(x-a) = v(x-2a) = ..... 
The force on the electron due to this potential is 


F 


(-q)e 


dv 
i. dx 


The work associated with moving this charge is 


w= q(v(x) -v(b)) 


If we choose the position b so that v(b) = O the work and therefore the potential 
energy will be given by 


V(x) = qv(x) 
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Schroedinger's equation becomes 


2 az 
eo om. ae qv(x)) y = Ey 
™ ax 


Here v(x) is of course periodic. The equation is difficult to solve. We will 
attempt approximate solutions. ) 


CONSTANT POTENTIAL 


Suppose we approximate the potential V(x) by an average value. Then 
Schroedinger's equation becomes 


2 2 
(1) ~ ee 5+ Viv = BY 
dx 


If we assume that » has the form 


(1a) Vac => nem 
Z 
then Ei ites k*y 
2 
dx 
Hence, substituting into (1) 
fe 2 
(2) EX) open ve 


This is the familiar dispersion relationship for a free particle. 


The boundary conditions which we would like to use are 


(3a) W(x) = W(xtna) 
} nisoOvatle 42 
d _ dv 9 ) 
i lahat S| 
x xtna 


These are periodic boundary conditions. They essentially state that each unit 
space of the crystal is equally preferred by the electron. Evaluation yields: 


~ikx " aed k Gena) a pe Jk (etna) 


ye Ve Cad jk(x+na) _ pe Jk Gxtma) 
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Addition and subtraction of these two equations yields 


aoe _ikna 
But Eee ihn 0, +1, +2 
27m 
Hence (4) k==— 
na 


Recall that n is also an integer. We fix this integer to a particular value 
n = N by considering a particular length of crystal L = Na. Then 


27m 


(4a) ee 


moO st) £2 


This suggests that only discrete values of k and therefore E are solutions of 
the differential equation and the boundary condition. 


In order to determine ~ we note that in view of (4a) equation (la) may 
be rewritten as 


(1b) in cetera 


The coefficient C is set by the normalization condition. We would like to say 
that the electron is somewhere in the interval 0 < x < L. Hence: 


L 
| pep dx = C*C L=1 
) 
Vere = 
VL 
or 
(1c) v se os k = oa ee up AOE plo BOG Re ot hr 


To each value of m belongs a value of E and k and a wavefunction ~. We say 

y_ describes a state of the electron with quantum number m. We note that we 
have a dispersion relationship. The form of E(k) agrees with our previous re- 
sults. Note, however, that we have learned nothing about the effect of the 
varying potential. We will study that aspect next. 


FINITE DIFFERENCE APPROXIMATION 


Consider the situation the crystal. The lattice sites are separated by 
the lattice constant a. We may take advantage of this as follows: Suppose we 
are at lattice site r and are interested in lattice site r+l. Then we may use 
a taylor series as follows: 


oz 


df 
f(ca) + =— | a lacece-y 


f (rata) 


Furthermore 


f (ra-a) 


i] 
Fh 
~~ 
Ry 
+8) 
wy 

t 
ie) 
+ 


Addition yields 


1 d-£ 
(1) => DECG@rayet £((r-1)a) =i ray fe= | 

a dx ra 
This is the finite difference approximation for the second derivative evaluated 
at x = ra. Consider Schroedinger's equation: 


Zanes 
= Re ar eae 
dx 


Tf we evaluate this at x = ra we obtain 


2 
(2) - f 5) [V(rt+l) + W(r-1) - 20(r)] + V(r) v(r) = Ev(r) 


2ma 


Note that this equation is evaluated at x = ra so that V(ra) is a constant. 
We now shift our energy reference so that V(ra) = 0. Then 


2 
(3) Wet) + v(e-1) - 2u(r) + 2 Ey(r) = 0 
or 
(Ba) W(rt) + v(r-1) - [2 - )* Fy wer) = 0 
B fore) 


Here r,, is the lowest Bohr radius (.529A°) and E,, 1s the ionization energy for 
hydrogen (13.6eV). 


We already know the solution for ~ for a constant potential. We will use 
it here to assume that the solution is of the form 


(4) ve) G -Jkx K = 2mm 


then 


ba 


-jkra 


v(ra) = ) G = (r) 
k 


v(GeH)a) = Jo a ee ean Tes. 
W((r-1)a) = l C. ee UE eed a ey 
Substitution into (3a) yields 
(3b) } cy Be Pic eae [2 - a ral pear eG 


One can now show that the only condition under which (3b) can be satisfied is 


s y 
(5) eee 2 Ge 2] =o 
r E 
B (oo) 
But then 
tT, Z 
Bane 2h 4 (>) cos (ka-1) 
or 
2 
2r 
B 2 ka 
(6) E(k) = E, Spare sin 9 


Notice that this equation is our dispersion relationship. It is quite different 
from our previous result. 


En) 


Wa ~ Wa 0 we 2T/,, 
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An energy band is formed. The width of this band is 
(7) B= ES 


if the crystal constant is around 2A this would yield a bandwidth E near 4 eV. 
This is a reasonable result for a crystal. : 


CONDUCTION AND VALENCE BAND 

In the previous section we considered the finite difference expansion of 
schroedinger's equation in terms of neighboring lattice points. Let us modify 
this expansion as follows: 


(1) We expand about x = ra to the points (r + S)a 


It 


(2) We expand about x (xr +3a to the points ra and (r+l) a. 


The resulting equations are 


2 
Oy PS Git 2) a eGee OMe oy comieny une eines 
ma 
oh? 1 1 1 
(2) = tue) + ven) - 24+ D1 + vet Dyes DH = Eye} 
wha 
we now assume that 
(3) om We) = Jutigeed MEF vertt) = el yer 
k 
1 
jka (r+ 5) a 
44)  va+D=Jo, « va 2) = eS yore 
sues 
2r, 2 
We define E = (—) E 
a a co 
Then 
1 
: jka(r+ =) , 
Qa) Df, are J*). Oh Oa Cin mn ables 9) GI ESY: [hie 0 
k | +k om vs 4 
2 
; jka, jkar Poel *) Jka tet ?| 
(2a) [< CTE ey eG Ce a cme Oe = 0 
‘e ok 5k E. E. 
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We may simplify the algebra slightly by selecting the zero of energy so that 
V(r+ =) = 0. The condition for a solution is satisfied if the determinant of 
Eq. ($) vanishes. 


fees ore Beye 
(5) 0 = 
on? 1 + hes 
Of sysde 43 60 ata ERI. Gar a2 yt 4S FY") 


We may write this as 


] 
j Via ' Vig val 2 
(ERGs 7+ 7 eh ons >) = 2(1 + cos ka) 
ye ee 
: V V 2 ka 
CE 2 Piste Rey) Minit, 1ECO8 Aiea: 
Hence , are ci 1 
v V V Py 3 
B g+22/[@) + 4 cos ig 
or 3 
= 4 We ieé 2 ka V(ra)} 2] 2 
(6) E(k) = 2B, + 5V(ra) + a cos — + ie | 


This is the new dispersion relationship. Note the + sign on the radical. Both 
solutions are valid. This would suggest that there are two bands. 


1 
92 
E(0) = 2B, + V(ra) [4E~ + eee) te 


Tie i i 
E(+ = = 2E. + 5 Vira) + 9 V(ra) 


The structure which we are displaying here involves an upper band; the conduc- ( 
tion band; and a lower band; the valence band. The two are separated by a 

region of energies in which we have no states which are described by real values 

of k. This is the forbidden band. Notice that we have a dispersion relationship 

in each band. 


It would be very interesting to continue our expansion or to attempt a complete 
solution of Schroedinger'sequation. This indeed can be done. The result 
yields a many band model in which each band has a dispersion relationship 
E(k). These functions are similar to the functions which are plotted on the 
previous page. There may, however, be a slight difference in the band structure. 
This involves the function E(k) at k = 0. E(k) at k = O may be a maximum or a 
minimum. We then have the following situation: 


2 
E(0) is maximum, = | = 0, as 0 
=0 dk “k=0 
E d75 
E(O) is minimun, dk | = 0, ao" > 0 
=0 dk k=0 
In the conduction band for silicon we know that the second situation occurs. 
2 
This means that a | > 0, so that the effective mass near the bottom of the 
dk “k=0 
conduction band is positive. The situation is shown below: ( 
E- 
— ' 
Cou 
4 Copructiow 


we 


‘eicea , By (k) Saved 


Saivd 


Wha tthe 


If we want to talk about this model we have to find the wavefunction y. This 
we are not going to do. Instead we assume that the following approximate model 
is good enough: 

(1) Assume that E(k) and E(k) are known. 


(2) Calculate the effective mass in the bands: 
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(3) 


(4) 


(5) 


2 2 
Grint dik) Aaa a Mae as Ou 
el i, oe a hs oe veoh ie 


Approximate m_ and m_ by suitable average values. If, for 
instance, the conduction band population is small we might 
say 

2 


dE 
c 


i 4 
<—>o> =:— 5 
mo 2 dk* k=0 


Identify appropriate potential energy in each band which we 
may use in the constant potential expression: 


Heke 
* 
2m 


in the conduction band E(k=0) = E 


E = Tt: MP m*~effective mass average 


cL? here ve mB oc. 


Extend our one dimensional model to three dimensions. 
Thus 


kK=zk t+yk t2zk 
x y Zz 


27™. 27m 27m, 
and aT bs a aS aT 
x y Zz 


Where the crystal dimensions are L,. x ty x L, and the three 


quantum numbers at and n, occur. 
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DENSITY OF STATES FUNCTION 


Let us now examine the conduction band in some detail. The question which 
we must answer eventually in order to study conduction phenomena involves the 
total number of electrons in this band. But an electron is an occupied state. 
Then the maximum number of electrons which we can have in a given energy range, 
say E, < E < E_, would be precisely the number of states which are available in 
this Snergy interval. We know 


ae 
(1) a oe 2m, ry ey 
27m 27™ 2mm 
(2) ki = ; k =k = tities. BC ab ‘ k = 
x L, y y Ly Zz L, 


3 
anh2n) 
(3) ph ewe a 
xo 92 
But the quantity LLL =V ; the physical volume of the crystal; is a known 
xy Zz ACT 
quantity. Hence 
3 
(4) av,- YO 
ACT 


Consider now equation (1). In k-space it becomes 


+? 2 2 2 
(la) EOE ote (ky + ie + k, ) 


Thus, in k-space constant energy surfaces are spheres. The differential 
spherical shell in this space is 


Z 


(5) dv 4n k° dk 


SPH 


ba 
u 


[Xk + Yk + Zk_ | 
x y Zz 


The number of states in this element are 


dv 
Sra Leo ere 
27 
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The number of states per unit volume of crystal in the k-shell are 


2 
(6) dn, = —sz dk 
k 2 
27 
2m. pe 
But k = re (E-E 2 
Hence Vee 
m ,2m 2 
dk = fin Dneiaclas dE 
Substituting into Eq. (6) yields 
1 ee so +5 
(7) dn, = 2 cin i Ter | (E-Ey) dE 
an 


The factor of 2 is introduced to account for spin degeneracy. Equation (f) and 
(7) are of the form 


(6a) dn, = o(k) dk 


(7a) dn o(E) dE 


E 


We call the two functions p(k) and o(E) density of state functions in k and F- 
space respectively. Their meaning is the following: The number of states in 
the energy interval [E + dE, E] per unit volume of crystal is p(EFE)dE. Thus, if 
we want to compute the number of states per unit volume in EA SRE Es we have 


L 
it 
Ao ate 3/2 Bo, ak} 
Ne— C= | (E-E _) dE 
hak #2 E ch 
cL 
: 2m, She 3/2 
ie y aw) (Eo Q7E oy) 


Note that we are talking about states. Nothing has been said about the fact 
that these states are occupied. If we want to calculate the number of elec- 
trons in the conduction band we need the occupation probability for the same 
at energy E: f(E). Then 


(8) dn._ = p(B) £(R) dE 
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would be the number of electrons in [E+dE,E]. 


OCCUPATION PROBABILITY 


In order to derive an expression for f(E) let us consider a perfect gas 
as a digression on our main topic: 


rei =. Alp rdp) 


Consider a section of the ideal gas. Its weight is 
dW = gpAdz = F, 


For equilibrium we require 


hehe 

i 
or 

goAdz + A(p+dp)-Ap = 0 
Hence 


(1) dp = -gpdz 


But this is a perfect gas: 
2) pV = aRT 


Here a is the volume mole fraction: a = R is the gas constant and T the 


V 
Ware 
temperature of the gas. Then bs 


(2a) Pp Vu = RT 


Let us now ask the question: What is the distribution of molecules/unit 


volume along the z-axis? In order to do this let us write the mass density 
o as 
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(3) 0 -a 


m: Mass of a single molecule 


N: Number of Molecules in the volume Vv. 


If we take one molar volume N becomes Avagadro's number. 


mN 
(3a) ae — 
M 


But then by substituting (3a) into (2a): 


RT RT 
(2a) Piseqe en 
M 0 


If we define the molecule density by n = oe 


(4) Py? 


Note that is a constant which we call k, the Boltzman constant, 


No 


Then 


(4a) p= kTn 


Let us now assume that the entire gas is at temperature T. Then 


(4b) dp = kT dn 


But we already have an equation for dp: (1). Hence 


(1) kT dn = ~g mn dz 
or 
(5) m2. ge 
n kT 


integration yields 


_ gz 


(6) n(z) = Be kT 


This then is the molecular density along the z-axis. 
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Let us investigate the 


number of molecules along the z-axis: 


_ mgz 
n(z) Adz = Be oe Adz 
_ mgz 
dN(z) = a as dmgz 


But mgz is the potential energy of the molecule in the gravitational field. 


(7) E = mgz 
Then 


(8) dN(E) = Ke dE 
E 


Here K is some constant. Note that K e€ Kr is the number of molecules in 


[EtdE,E]. In order to evaluate K let us assume that the total number of 


molecules in the cylinder is known to be Nee Then 
aaa 
kT 
Hence . mE 
T kT 
(8a) dN(E) = py € dE 


Notice that we can normalize this equation to the volume of the crystal without 
difficulty. 


We are talking about an ideal gas: non-interacting, identical particles. 
If we try to analyse this by our earlier ideas about states we note the 
following: 


(a) Non-interaction means that a molecule cannot tell if a state 
is already occupied by another molecule. 


(b) This implies that all molecules of the system, Nos may be in 
the same state. 


(c) The density of state function is of the form 


number of states in the volume Ve in F-space 


o (E) 


size of one state in F-space 


(d) The size of the state was determined from quantization conditions. 


With these ideas in mind we note that (8a) might suggest that the density of 
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N 
state function is of the facies » which in turn would result in the conclusion 
that the size of a single state is kT. This is wrong since point (d) does not 
exist for this classical system. Nevertheless, we might think of an equivalent, 
non-classical system which has this property. If we do this we identify the 
function E 


(9) A eyecare es 


as the occupation probability for the states which are located at FE. This prob- 


ability applies to non-interacting systems. 


THE TWO LEVEL PROBLEM 


Let us consider a system of states for non-interacting particles or 
electrons which looks as follows: 


E 
Ny states, ny electrons R= E, 
No states, n, electrons E = E, 


This system is in equilibrium in the sense that the electron population is 
constant in time. Thus: 


bl 
a ie kT 
n, = f(E,) N, =e Ny 
E 
based 
hi 4 kT 
ny = £(E,) Ny = € N, 


Let us now assume that the two energy levels communicate with each other in the 
sense that electrons transfer from #1 to #2 and #2 to #1. The transitions are 
assumed to be proportional to the electron population in i and the number of 
states in j. Hence 


oa Por os 
122 12a No 


Here r and r are system constants in the sense that A resistor is a system 
constant in a nétwork. Notice that if n, # n,(t) and n, # n,(t) then 


or Yow to Mast Fac Baa Ne 
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hei’ oak: 
or r € KT =r Ee EI 
£e Le 
poe as 
or i ee. : kT 
12 i it 


Thus only one of the system constants is unknown. Let us now stay with the 
same system but change the transition rules. This would mean that r and 
r,, would remain the same. The new rule is: A transition from i+} if iis 
occupied and j is empty and is proportional to the full states in i and the 
empty states in j. Then 


Rox = ¥oq Bg Gy ~ 94) 


192 = Toy By (Ny - DQ) 


Note that we are talking about interacting particles, The form of f(E) must 
change. Let us try to determine it. At equilibrium 


Yo, My (Ny-ny) = Tyo Hy (Ny-n,) 


ro, f (Ey) (1-£(E,)) = ry £(E,) -£(E,)) 


T19 1-f (E,) 1-f (E,) 

Re Sis: E,-E 
y*' Toy ae Zee 1 

But we know the ratio — to be ¢« kT . Then 
12 
E E 

Ee eS eres 

2 2 kT - 1 A kT 
1-f£(E,) 1-£ (E,) 


Let us now increase the number of levels. Then we get an equation as shown 
above. This type of equation can only be satisfied if 


2 vi 
f(E,) ee KT _ oa £(E,) NT 
1-f (E,) 1-£(E,) 
or £(E,) = os 
it une 
K kT 


Let us assume for a minute that we can write K as 
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Then, since E, could be any value of E, we write 


i 


f£(E) = 


This is the form of the occupation probability function which applies to 

particles which interact in the filled-empty state manner or which interact 

via the pauli exclusion principle. It would appear reasonable to state that 

this interaction would be very weak if the number of states exceeds the number 

of electrons by a large margin. But this implies that our f(E) should approach 

the earlier form if f(t) << 1. This happens if F >> Ep» T #0. In that case 
E-E 


eer 
etait kT 
E 
iy Me eR 
kT 
wees 
= Ke’ ‘kT 


But this is exactly our answer for non-interacting particles. But this would 
E 
suggest that the quantity = is nothing more than a normalization constant which 


depends on the temperature of the system. We define 


(a) EL. to be the fermi energy 


and refer to 


(b) £(E) = as the Fermi-Dirac-Sommerfeld 


distribution function 
E 


(c) £_(E) = Ae kT as the Boltzmann distribution function. 


We note that f(E) > £,(E) 1fRe>> ED T#0 


B 


aS 


We also note that 
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1 
(Ep) = 5 
Hence f >< 2) SX Ee 


i <= 5 Me ore Ae Ba fo 


ELECTRON POPULATION IN THE CONDUCTION BAND 


The electron population in the band is given by 


E 
cu 


n= | 0 (E) £(E) dE 
© c 
cL 


where E. is the lower edge of the band and Eu is the upper edge of the band. 


L 
In order to evaluate this quantity consider 

3/2 1 
l 2m 


PR yas Lee 
(1) py HEY) 


Here m is the effective mass which we calculate from the correct relationship 
E(k) in the band: 


(2) ne 


But this is normally a function of E. But in (1) we assumed that m_ is a con- 
Stant. It would appear then that what we mean by m. is m_ as writtén in (2) 
evaluated as some value of E. We take this as E. - Hencé 


L 
2 
Qa) a 
dE 
es 
dk 
E=E Wh 
then 
E 1/2 
oe 3/2 cu (pe) 
(3) ee LOGE 
2 $2 E-E 
An Ban l+e F 
kT 


Recall that the conduction band is the outer band. It is nearly empty. But 
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this means that f(E) << 1 for some values of Eu Si: BS Eau’ But in order for 


this to be true E > Eee Hence if the band is lightly occupied everywhere 


(4) EOL : EE 


This suggests that the fermi level is below the conduction band. The condition of 
sparse population may be used to approximate the integral in (3) by 


E E-E 
Om 3/2 cu i a 


2. kT 
(3a) n=-> ‘tate | (E-E_)° ¢€ dE 
2 +2 ae cL 


The integrand may be visualized by sketching the behavior of the two functions. 


Er Feu 2Eey 3 fee 


Note that the integrand is essentially zero near E “is This would suggest that 
for purposes of integration one night replace Ee By infinity. Re-writing 
(3a) yields: 


E .-E 1 E-E 
Jn kB cue ae oe ee ame oe 
(3b) ane sag oa kT | ( ao cr** — 
27 t 0 
| Vn 
The integral in this expression is a number: 7: Hence 
Eat ep 3/2 
-_—_—- 2m_kT 
(5) nowan ch) EE Newer she tet) vn 
< c 2 $2 2 
27 


Notice that m_ is a material constant. Hence N, is a material parameter. E 
is not known. This is reasonable in view of our interpretation of this 
constant. 
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The occupation probability for the absence of the election is 
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SSSIACKYS nGhOOMSSR SBSESY puckeBSGeten rzemoyT pue azoddn ay3 vae + q pue B a10H 


A 1 GROe ees TA na nA 
(3a) F (E) "raamaaR EN Z 8 ( a=. 4a) - b= OD 
-E 
1t+e 


T 
Sf pueq soueTeA ay} AO; dyysuoyaeyer uoFszedstp aTqeuoseeali Vy 


This occupation probability will be small if E >> E or Ee >>_E. In terms of 
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the valence band this becomes E,, >> E.. The number of absent electrons in 
the valence band, or holes is given by 


- a Bs, 
am 3/2 Ea (RE )2 
(4) p= Ht —- 
2 +2 m t- 
an E l+e ws 
vu kT 
or ~ A 
BE -E vL Eu E-E 
am kt 3/2 viteeens kT E-E fag fama EP 
(4a) nee sy Vv ) : kT ( Vu) k kT 
9 z +2 kT 
: 0 


The integration limit is again extended to infinity. The hole energy is next 
replaced by the electron energy to obtain 


EE 
--A 1 Nae 1 re 
(5) p=N ¢« N =—> (~~) ae 
Vv Vv * 2 2 

27 h 


in summary then, A hole is a particle with positive mass and positive charge. 
It represents the absense of the electron. Its energy increases along the 
negative electron energy direction. 
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Summary: 
We have now shown that the electron and hole population in the two 


bands is of the form 


Ec-EF 
& kT n_ 
(1) n N.e N SSF eas | 
Ep-E,, 
(2) bs Nve kT N gen 


Here E. is the lower edge of the conduction band and E. is the upper edge of 
the valence band. The physical significance of N. and N, becomes apparent from 
the following: 

Consider a level at E = E. which has N, states. The density of state 


function for the level is 
(3) p(B) = N.§(E-E,) 


If Boltzmann statistics are assumed to apply the electron population in the 


band becomes 


E-Ep 
a gti * ie 
Cyaan i N S(E-E )e dE 
_EouER 
=Ne kT 
Cc 


The entire conduction band has therefore been replaced by a level with effec- 
tive state density Nu A similar argument applies to the valence band. Here 
Ny is the effective density of states for holes or electrons. The change of 


sign in energy may now be taken care of by writing 


ot Pe 1 dE 
(5) pe J NS(E-E)|1 - a Webs 
l+e kT 
i _Ep-Ey 
= N ~ Ne 
l+.¢c kT 
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Note that we still have not found an expression for ED: This is to be expected 
since ED depends on some form of normalization, which we have not employed. We 
introduce it by saying that the semiconductor is charge neutral. But charge 


dnesity in the material is given by 


(6) po = q(p-n) 
hence 
(6b) pe=n 
or 
Ned ey vEp-Ey 
c 
kT IncN: (- Bo. + Ej = kT InN? = EC ebse 
F V F Vv 
E +E N 
¢ Ki Vv 
= tt mae 
isa Be 2 a N. 
EY + E. 3 m 
(7a) Bf BR Beas ove Be 


This fixes the position of the fermilevel. We may now substitude (7) into (6a) 


to find the number of electrons or holes 


E 1 
bars 2 ge FR 
fi oN eo kT 
Ec-Ey 


; 


(8) 


The quantity Eo ~ EY = AE is the width of the forbidden band. It is a material 
constant (Si - 1.2 eV, Ge - .72 eV). Mm and m, are material constants. Hence 
n=n, =p is a material constant. We call this structure (n = p) an intrinsic 


semiconductor. Its energy level diagram is shown below. 
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N_ - states n. —- electrons 
c {i 
E 
c 
Ey —_— eer a arr are ase ea seer rec 
N_ - states p. - holes 
ae 


0 Sails = RRS i aR BRE is > ~~ “TR cree am ae eae E> 


Extrinsic Semiconductor 

Consider the introduction of phosphor into silicon. Since silicon has 
a valence of 4 and phosphor 5 we have one extra electron. The phosphor atom 
in the silicon matrix behaves very much like a hydrogen atom: a neutral core 
and a single outside electron. The atom can be stripped of the electron very 
easily since the bonding force to the core is weakened by the high dielectric 
constant of silicon or germanium. Ce, (Si) = 12, Ep (Ge) = 16.) One may show 


that the ionization energy is roughly 
mae 'fpke 
Ey = (| E E = 13.6 eV 
co foe) 


This would suggest that we need roughly 80 x 107° eV to ionize the phosphor 
atom in the silicon lattice. 

The energy level in which the electron resides when the phosphor is not 
ionized must be some 80 meV below the conduction band or above the valence band. 
This follows since we have no other allowed states in our energy diagram. Sup- 


pose we look at the two possibilities. The ionization rates would be 


sgn a "Dv MP 
or Rose * "pe Bp 2) 


If we assume that Tov and lnc are roughly the same,the ionization rate from 


D + e will be very much larger and therefore easier than the rate D>v. It 
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would then appear to be more reasonable that the donor level is just below the 
conduction band, where we use the word "donor" to describe the electron trans- 
fer to the conduction band. If the phosphor distribution is uniform we have 


the following situation. 


N - states n —- electron 

c 
Mo t 08eV 

i a -08e 
‘ Ny states Ny electrons | 
D Tied to cores 

eZee 
N_ - states (N_-p) electrons 

7 Vv Vv 
Vv 


Note that Np is the number of phosphor atoms which we have introduced into the 


silicon. The ionization process is 


+ a 
Ny > Ny tah 
Thus, Ny» the number of electrons at Ey represents the unionized donors. The 


ionization results in a fixed immobile ion and a conduction band electron, which 
is free to move. 
In order to find the fermi energy we again utilize the charge neutrality 


concept: 
+ 
(1) 0 = q(p-ntND) 


Since the donors are représented by a level,we know the density of state func- 


tion at E,. Ionization represents the absence of an electron at the donor level. 


D 
Hence 
(2) oN) = J Ny5(E-E,) (1-£(E)) dE 
EF-Ep 
Lets 
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Ep-Ep 


All donors will be ionized if « Ki P80 LOT Bo 12s 


D Fr" Conversely, if E, > E 


F D 


none of the donors will be ionized. We would take these statements to mean 
that the system changes behavior with temperature. 


The expression for holes and electrons is 


_EouEp _Ep-Ey 
n=Ne kT 


Me p= Nive 


The product of these two quantities is 
Ec7Ey 


ot, kit... -332 
(3) pn = N Nye n; 


We use (3) to re-write (1) 


2 
0 gue - nt *D 
a _ Ec-Ep Ece-Ep 
or 
sy Ny 
Gy 0=——— nt 
E.-Ep 
+ 
n 
ed 


Re-arrangement yields 
E.-Ep 


(4a) O= (aon) i 5 ree e KT |] + on 
Cc 


D 


This equation is a cubic in n. We will examine it by approximations. 


(a) Low temperature. 


E.-Ep 

' Kies l 

EQ-Ep 

assume =n eagle ee sit 
Eo-Ep 
(4b) n*-n,2 = NN ec kT 
i c 
_Eo-Ey _EQ-Ep 

no PN Neda Pon tateNpe kT 


(4c) n* WN N. ec 2kT 


(b) Large temperature. 
E.7Ep 
errr iTeLO 


(4d) n* = n,* + oN 


(46) (one ~ 


Eo-Ey rae e: 
es 
Ny Bee eey UN 
2 Co Vig, 


If the temperature is high enough 


This yields (4f) n 


On the other hand it would appear that our "large'' temperature approximation 


is valid at room temperature. This would suggest that if 


(42) n> N 


The temperature at which (4g) must be replaced by (4f) may be estimated by 


studying the condition 


ay A Ny 
PAE 
TN : 2kT, =-N 
Cav D 
abe 
AE = 2kT 1n 
u Ny 
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or 


a, AE 1 
(5) 5 ~ IkT 
300 300 WN N 
tae” 
ln N 
D 


Above Ts we usen* n,; below Ty we use n * Np: Evaluation for silicon yields 


iL 
u 22 
(35) ean oon. 
T 10 
300 ln -— 
Np 


Note that Ty increases with Ny? the doping level. This would suggest that the 
physical significance of Ty is nothing more than the swamping out of the elec- 
tron contribution due to the donors by the intrinsic carriers, which are in- 
creasing rapidly with temperature. 

We may find a similar corner temperature for the low temperature border. 


This is accomplished via (4c) and (4g). 


Ec-Ep 
N. = WN ec L 
D c D 
or 
(6) ab _ Ber'y 1 

T300 kT 300 Ne 

ln ny 

D 


The physical significance here involves the inpurity itself. If T > T nearly 
all impurities are ionized, if T < T. we speak of freeze out. 
We summarize our results in the following figure: 


ln n 


Intrinsic n2WN Ec-Ep 
swamping a 


The addition of the impurity alters the electrical behavior of the semiconduc- 
tor. It was added to obtain a definite effect: n #p. Note that this con- 
dition is not met for T > Th It is met only marginally for T < T° The 


impurity is most effective for T, < T < Ty which defines the operating range 


L 
of the doped material. In this range 


% 
n Ny ny <a Ny 
2 
yin: Fig. 
Th 1 


E,-Ey 
A kT 
n Ny N. 
Ny 
or kT ln yn" ~(E -E,) 
Cc 
N 
E =E - kt in— 
F N. 


It is sometimes convenient to measure the fermi level with respect to the in- 


E. + EY 
trinsic fermi level: Ey . SEE Th 
ior ie gr carnage Eri | 
n=Ne kT =ne KK. ¢ Kt 
red c 
Ep-Epy 
= kT 
n n,€ 
Hence 
Ny 
kT ln —-+E... = E 
n; Fi F 


The distance Be - Foy is therefore proportional to the logarithm of the normal- 


ized impurity concentration. 
The semiconductor n = Ny Pane ny» a > > p is defined as an N-type semi- 


conductor. If a type III impurity is added to the silicon we may show that 
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p= Ny > > Tsp > > om. This is a p-type semiconductor. The dopant is an 


acceptor in the sense that it accepts an electron from the valence band when 
it ionizes, it therefore forms a hole in the valence band and the ion Ny. 


Its energy level is Ey which is a few electron volts above Ee Its behavior 


is summarized as: 


Hy 7 NA 
p * Ny n=) Lo = Et kT ln y 
A Vv 
N 
A 
= FEY - kT ln a, 


Recombination 

So far we have considered an equilibrium semiconductor. Suppose we 
Move this restriction as follows: we shine light on the material and turn it 
off at say t = 0. The question becomes: how does the system return to 
equilibrium? 

In order to analyze this condition let us assume that for t < 0 the hole 
and electron population is p and n. This population returns to Po and Ny after 


a reasonable period of time. Our system looks as follows: 


n 
E n E 0 
c c 
° ° 
————_————_> 
eae | Row Ree | hoy 
E E 
Me P i! Po 
fo} °o 
Bec - Freshy) Noo Ae * reat abort aanoe 
° ° 
Row = ToytP Rey = Nev do 
We write the non-equilibrium equation at t = 0, i.e., right after the light 
° ° 
has been turned off. This would imply Cy ee en St name ae Furthermore, we 


insist that the population is small compared to the states. Then 
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° ° ° 


R =r NN R =r NN 
v>c veve v>c Vevec 
° ° ° 

3 =r 

are FovlP Roe ev oP 
° ° 

Note that R = R =r NN _ is the same in both cases. This transition 
voc V>c VCuy © 


generates an electron hole pair. It is called the thermal generation rate. 


At equilibrium: 


°o ° ° 2 
N rn Tr - 
NCu TASC CV oPo Ce 
2 
n 
° i r 
zr =NN cv 
ve ve 
-E 
° - c iy: °o 
r = e€ kT r 
ve CV 


In the non-equilibrium case this is not true, i.e., Ruy - Bes The population 


is a function of time. Let us then write 


The transition c*v destroys an electron hole pair. This means that the elec- 


tron population is decreasing if US > 0. Hence 


= pee 
or 
dn Ms 
TAGE Cat ere eee oY 
° 
2 Ey OPA Py) 


Let us write 


n=n_+dAn 


= + 
P = BP, Ap 


of) 


Note that An and Ap are excess densities over equilibrium. Since pair processes 


only are involved it is reasonable to say An = Ap = 6. Hence 


= + +6) = + + 64 
Bpiee too) (pro) .= nop, +o (netp) td 


dig tye ' _ 3b 
and sain pee elas (n,+6) eee 

d ° 19 
Hence Se ronme ree oCatp)utabs) 


If we assume that 6 < < Ny “5 Po this equation is roughly: 


rk ° 
ced? a Toy tp Pa? 
The equation may be integrated: 


CLUE cal 
(0) ~ —¥ y(NgtP ot 


Hence 
o 


VES OO RA N 


We now define the lifetime by 


th 
gd i OMBCE Cibn Gls ya 
oy My tPo) 
Hence 
n=n, + s(oye t/t 
feat. + 8(0)e t/t 


The excess carrier densities decay exponentially. Note again that we have con- 
stant thermal generation and a population dependent recombination. Note also 


that 


Suppose we look at the generation mechanism somewhat closer. The thermal 
° 


generation rate is a system constant: Tcl NY: How then did the system go 
to the state, n, p?. The only possibility appears to be an external generation 


rate. This external generation rate must occur together with the thermal gen- 


eration rate. 


Note that we can write immediately 


ro lslpaani pee 7 BROOM eee 
eats Gra Sex | OE dt 
But then 
aon & 
abby Ae po 
Suppose now that 
G(t) = G UC) 


Then the Laplace transform technique yields 


G 
Bet ed eta, 
SA = : + 5 
or 
mf i: uh 
ig rere dead a 1 
s(s + =) S+= 
58 ic 
and 
-t/t 
S(t) imsGet (leone) 
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y) 


The excess density builds up exponentially. The system goes from n to 


0? Po 
the new steady state Ny + Got, Po + Got. Thus, we get a large change Got if 
t is large. But the time constant is t. Thus a large changes Got requires 


a slow response. 


Suppose now that we shine the light on a semiconductor bar. 


Hitt 


Then the excess density will be a function of position. But electrons and 
holes are mobile. They will tend to flow away from the high to the low concen- 


tration regions. But this implies current flow. 


Current Flow 
The current flow with which we are familiar is the so-called ohmic or 
conduction current or current density. Thus, if we have a charge density p 


which moves with velocity v we have 


oe AYR, coul , Gmuire A 
p cm? sec cm2 


Moveable densities are -qn and +qp in the semiconductor. Hence 


J = qpv 
> Pp 


J_ = (-qn)(-v) 


n 


The velocity which we are talking about is the component of the total velocity 
which is in the direction of a and ee But holes and electrons change direc- 
tion often due to interactions with crystal imperfections such as charged donors 
or acceptors. Since their effective mass and charge differs we would expect the 


"drift" velocities of the two carriers to be different. 
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The two velocities are associated with the field e€ which acts anboth charges. 


We define 


ak =o) 

ant € RP Ee 
Hence J_ = qu pe 

P P 

J = qu ne 
and 

= “ 
J TOTAL o Ae 


The question which now arises concerns the identification of the field E on 


the energy diagram. Let us write 


Mita 


N 


(1) E..= B + kT in 
Ff C 


If the system is in equilibrium Ba is a constant. If the system is in equil- 


ibrium and the doping is reasonable 
n=N (N-type) 
If we make Ny 6%) 5 non-uniform doping; then n = n(x). Hence 


Ms n(x) 
(2) ED EG) + kT in nN. 


Differentiation with respect to x yields 


(2a) O = ~~ + kT = — 
x 
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dE 
1 
Note that the units of E. are electron volts. Hence tam would be in volts/cm 


which are the units of E. This makes sense in view of our earlier discussions 


on crystal coulomb potentials. Let us write 


dE | 
E + —— 
q C334 ed oe 
Hence 
1 dn 
(2ay*O0 = qt + kT ats 
Bs dn 
or (2b) O= qu ne + kT MO a 


Notice that the first term is the drift component of current. The second term 


is the diffusion current which we write as 


where Do is the diffusion coefficient for electrons in silicon. Combining (2b) 


and (4) yields 


D 
"ab n 
ED a vee a eae 
q 
and 
g dn 
(2c) O= qu ne +: qu ae 


By the same argument 


a z dp 
(2d) 0 ee hee "as 


Thus, equilibrium means that the total electron current: diffusion and drift 
component is zero and that the total hole current is zero. Non-equilibrium 


means that this balance is upset. Hence 


E dn 
(6) J = dune ma qd. cm 
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Pf J = € - gD 
(7) 5 qu yp q nds (| 
(8) JTOTAL = a + J 

Resistor 


Suppose now that we have a piece of silicon and dope it uniformly so 


that a, = Ny 
n Z 

p,==— 

0 Ny 


Let us now make contact to the material in such a way that the contact maintains 
the equilibrium densities. This would suggest that even if we go to a non- 


equilibrium situation we would have 


n= No PoP G5 
Hence ( 
(6a) i = qu noe a a 0 


If the cross-sectional area of the bar is A: 


(8a) I= Jrorar, AF A(Cqu nota Pode 


But the field is related to the voltage by 


dv 
(9) Es- dx 
Hence 
I dx = -A + d 
x (quiny qu ,Po? v 
If the device extends from x = 0 to x = L integration yields ( 
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(20)° IL = -A(qun tau py) (VL) - v(0)) 
But the applied voltage is defined as 


Vo = V(O) - V(L) 


Hence 


L 


(10a) V. + ——————_— 
0 Cain tau PydA 


It appears that the conductivity of the material is 
= + 
AD es ats e ahodance pk’ 


and that we are talking about a resistor 


The field is defined by 


dE 
c 


ge! OE POM ks 
LS deieers Sg dx 
Hence our representation of voltage on the energy diagram would take the form 


v(x) - v(0) 


1 
- 7 E.@ - £,(0)) 


or -qv(x) + qv(0) 


+(E (x) - E (0) 


ie x) 


~Eaie . 
Ec w -Ecal 3 ( Viv) - Va) 


Eo) 
Ere 
Ev w) 


CS tne hatin Sh Ale ape ee ee 
+ Veltese Ave e . 
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Let us summarize our results as follows: Gi 
\ 1a 


(1) On the energy diagram the slope: ae ME = = represents the 
field qE. 

(2) The distance E (x) - E (0) represents the negative potential dif- 
ference -q[v(x) - v(0)]. We may state this simply by noting that the most 
positive point in the energy diagram is the lowest energy point. 

(3) In our diagram holes move in the positive x-direction and electrons 
in the negative x-direction. A useful analogy is: electrons behave like mar- 
bles, holes like bubbles on the energy diagram. 


(4) In the uniformly doped resistor with non-injecting contacts 


J = (qu ny tau Pye 


Suppose now that we illuminate our resistor uniformly. We insist that 
the contacts remain non-injecting. Then, according to our previous calculations 


the excess density will be 
An = Ap = Got 


Hence n= no + An: =-n- ce CG Tt 
0 0 0 


and Ce ee alas 0 


If the light Gy is uniform. Hence 


jJ= (qu moray Pde + q (i 2G te é 
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) or 


J= oF + AoE 


The conductivity of the material is being modulated by the light. The effect 
is called conductivity modulation. Note that if we make a resistor out of the 


material we get 


di i 
ae fai vAG Ok 
0 
or 
ras A A 
a D5 L + Ao L 
ee 
0 


The equivalent circuit becomes simply: 


) o—— 


The requirement on the illumination is only that the illumination is uniform. 
The light source itself can be time dependent. If this is true the excess 


density can be calculated from: 


os Box 
eed be ie G(t) 
6 = An = Ap 
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Non-Uniformly Doped Resistor 


Nearly all resistors in integrated circuits are produced during the 
base diffusion process. The diffusion is boron-p-type into a uniform background 


which is phospor doped. The boron profile is of the form 


-(ax)? 


N Ni N. - boron surface concentration 


BORON — 


a - constant 


The total acceptor impurity is 


ans - N 


A 22 B 


Suppose we assume that the silicon is at equilibrium and that we recall this 


means E, = constant. Our energy diagram then looks as follows: 


ig ot 
~ a B 
~ ee Cc 
4 
— E 
Sey 
kt F 
pores ~~ oes E ' 
any Fi 
= ces 
——__ B 
Vv 


Note that this diagram results in one important conclusion: There is a field 
without applied voltage, with zero current. We call this the "built-in" field. 


The question which concerns us here is: How is it evaluated? 
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The electron and hole currents are individually zero. 


dn 
= oe 
(1) y qu nye 7 ee dx 
dp, 
(2) CSCO Re pate i el eter 
or 
D dn 
(la) E=-22-—2 
Ba HO 
D dp 
(2a) Be rasier 2 
"D 0 
dD. D k 
But oo = —P =-——, Hence 
an a 
SOLTET Aerated ate 
(3) Ee -S + 2-5 = 
qn) dx qd Py dx 


The additional equation which we have used consistently is the charge neutrality 


equation. The charge density is 
p = q(ppenisN)) 
This charge density is tied to a field by the equation 
(5) Ves D ime 


But D = cE. Hence, if we have charge neutrality E at best can be a constant. 
But according to our diagram, E is not a constant. This suggests that we do not 


have charge neutrality. Our remaining equation becomes: 


dE 
(6) € Ge = a(py-ny-N,) 


where we assumed complete ionization. Eq. (3) yields 


62 


dE ten ds 
ectok ite ie es tics tes 
hence 
2 
ekT _d2 at 
(6a) ee aan iN ia il Po - Ny 


This is the equation from which p, is to be determined if N(x) is known. The 
equation is non-linear and has not been solved by analytic means. Its approxi- 


mate behavior may be studied by 


2 
ihe 
(1) assuming near charge neutrality (P, - nm - Ny x Q) 
0 
or (2) assuming complete non-neutrality (p * -q N.): 


Let us consider condition (1) in some detail. The assumption is 


n,* 
1 es 
Po — D5 ~ Ny = small quantity 


If we are assuming reasonable doping: Py > > no the assumption reduces to 
Py - Ny = small quantity 
This would suggest that Po * Ny 


We may check this assumption by noting from (6a) that this result would be 


valid if 
ekT dy = smali quantit 
ia ax N Py s quantity 
p,=N 
but oe 
og ~(ax)2 
Ny Ne - Np 
-2a7xN _7 (ax)? 
¢ ln N = 
ae Rey Pes twats 
dx A Ne (ax)* _ N 
s B 
and 
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2 
- a ~ Ps 
+2a*xN ¢ (ax) (4atx?-2a?)N (ax) 


d2 
per gt OW i taderd meray pry Lg oer pi ere 
oe + So can Mone) wince 

Ss B s B 


Inspection of this equation yields the immediate conclusion that our assumption 


of neutrality is not valid near the junction: Ny = 0, Near x = 0 we may assume 


that 
et Zz 
Nee heer oy 
s B 

then 

de ea) Pile ee 

a in Ny ~ -2a°x E a 2a°x 
and 

a2 > 

ae ln Ny ~ -2a 


Our requirement for near neutrality becomes now 


ekT d? | Gees 
| q2 dx? A i 
or 
a Jar << 7. 
or 
2 
gq A 
2 1 
be St aE 
Notice that 
qn cis o 
Nara WA EO Bd a age a te 
ekT eD ED THD L 2 
i Lor i 


Here L, is the intrinsic debye length, Ty the dielectric relaxation time and oO, 
the conductivity for intrinsic material. Our criterion ofr near charge neutrality 


becomes: 
2a°L ,? ie), 
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CI 


This inequality will always be satisfied if the profile changes slowly in one 
debye length. Indeed, such a criterion may be derived generally, i.e., for an 
arbitrary profile. 

Our development indicates that we have a field which points in the nega- 
tive x-direction and increases with x. Its origin is simply explained by con- 
sidering diffusion of majority carriers. This diffusion results in uncompensated 
acceptors which are the source for the field which limits further diffusion. 


The uncompensated charge takes the following form. 


hole diffusion 


NBORON th 
hole drift 
—_—___—_— 
aie 
x 
Sr aeT 
qa L. n, 
Summary : 
Quasi-neutral case 
Po * N, (x) or Ny * Ny Os) 
n,* n,? 
Ae Cae wuts 
0 Po Pore ts 
kT d kT d 
E = - nae as ln Ny cE = a de In Ny 


We have already seen that the quasi-neutral approximation fails near 
the junction. A little thought will reveal that this is very reasonable. Con- 


sider the impurity concentration: 
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seaere a 
N=Ne (ax) a Comin 
pAN s B 


eas 


The junction position is given 
| 3a" 
Sei A ae 

7 & 

Let us replace the doping profile to the left of the junction by a uniform ac- 


ceptor density 


xe | 


aL Xs 
oN ahs ee (N. N,) dx 


aig 


On the right side of the junction we replace the non-uniform doped N-section by 


uae iid -(ax)? 
<N5> Sara aa f (Ni€ “Ny, ) dx 


Here w is the total length of the silicon. The junction and energy diagrams 


are as follows: ~ Saeed 


—q<N > 


0 xu Ww 
a 


Fixed Charge Distribution 


E 64 iylt 
aw 
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Note that the energy diagram suggests that we have three regions: 


TL ee Orta x,-X, E-= 0 neutral (p=0) 
ity Tae x x '< arat E #0 
Likz xt <x<w E =<0 neutral (p=0) 


We call the two neutral regions the bulk. The middle region is called the 
space charge or depletion region. Its origin resides in the fact that when 
contact between the two pieces of silicon is established a hole-electron con- 
centration gradient exists. Thus, holes diffuse into the N-region, electrons 
gud 

into the p-region. The N-material assures a positive charge, the p-material 
a negative charge. A field results which forces a = 0 and 2a = 0, i.e., is 
demanded by the equilibrium assumption. In this field region electrons and 


holes; mobile carriers; do not exist. They are essentially swept out. The 


fixed charges, however, remain. The uncompensated charge looks as follows: 


eo 


Uncompensated Fixed Charge 


The quantities x, and Xy are not known. We may estimate them as follows: Charge 


P 


and field are related by iene tt (i Law. Hence, if y =x - x, 


J 
de de 
€ mdy Ss eA eS deal q<N> 
Integrate from y = “Xp to y y= y to xy 
nt “ a at @ ed = 
paws E(x.) re 1 a ae 8, Ey (Fy), = Ey Gy) = 2 SN, > Cxy-y) 
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But the space charge region borders on the neutral regions. In the neutral 


regions Jy = 0, J, = 0 demands E = 0. Hence, E.(-x,) = Ea) = Q. Then 


dv dv. 


glee RCA A ebm Oe aps | = 
€ 5 A : (yt) dx € ; Ny 2 LY xy) 


dx 


Since the field is zero at the two edges of the space charge region the total 


charge enclosed in the space charge region must be zero. This is equivalent to 


the statement E., (0) E.,(0) or 


Dr Gall oP: Sahl Oh 


The field looks as follows. 


-E (x) 


Note that the field points in the negative x-direction. 


The potential drop across the space charge region is: 


Av = [vp (y=-x, ) - vp (0) ] - [Vv Cy=xy) od V7 60) 1 
0 
Tap an SH (rimp dy - 2 <> (xy -y) dy 
Hence 
# 2 

aii ae 

or 
q<N > q<N_> 
(2) Ah = =- A, 2 or 607 
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Note that according to the energy diagram -Av is a positive quantity: The diode 
assumes a natural reverse bias. (N is positive with respect to P.) 
Equations (1) and (2) may be combined to express xy and x, in terms of 


the potential difference Av. 


N >, 2 


D 
s Ny > Ewe 


2 


-Av = er 


2€ 


+ < Ny > by 
<N_> 
mah Nee (< N. >of <n >) x? 


2€ <N 4? D A 


or 


decay) N° anh e re 


(3) *y 5 q <N)> (<N>+<N,>) 


The expression for “5 may be obtained by subscript exchange A>D, D> A. Then 


Peco rd pote 4 al 1/2 =N? 1/2 
ie q <N > (<N,>+<N >) 


The next quantity which we have to evaluate is AV, the potential difference 
from bulk to bulk or across the space charge region. In order to do this con- 
sider that we break our junction exactly at *y and form two pieces of uniformly 


doped, separated material. Then we have the following situation: 


c c 
EEN 
EP F 
ES Serer terre erent —orteer— oe 
Epj-Erp Epy7Epi 
4 kT vs kT 
<N > = n,€ <N,? Us 
<N > <N_> 
Eop = Eo - kT ln n, EON a Eo ~ kT in , 


If we make contact the relative shift of E or EY or Ea will be the difference 


in the two fermi levels. Since 
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A. 
m™m 
lt 
1 
Oo 
A. 
< 


mm 
Q 
= 
x 
I 
mm 
Q 
a“ 
I 
ta 
So 
eS, 
i} 
I 
OO 
< 
os 
zt 
! 
< 
f 
tad 
ae) 
4 


= qAv 


or q4v: = E> E 


i] 

! 
x 
ta 
= 
3 

: t 


Hence 


Ter ee aa ied a 
(5) -Av = ae in ay Tea 


i 
If we substitute (5) into (3) or (4) the equilibrium depletion layer dimensions 
%y and Xp can be calculated. 


Let us now consider the junction in some more detail. 


P F N 
Neutral ty Neutral 
E Charge | 
Cc 
Se ae er 
Ey | 


Recall that holes behave like bubbles and electrons like balls. This suggests 
that there is a hole flow from N > P and an electron flow from P > N, The 
source of these two currents are minority carriers. They. become majority car- 
riers after injection. The process is called majority carrier injection. Let's 


consider the source for the holes on the N-side. They come from the neutral 


70 


region in which we have no field. Thus in the neutral region they must exist 
as a diffusion current. But we have the phenomena of recombination and gen- 
eration which would suggest that the average life of a pair is t. On the N-side 


ng 


Rigen oe Py 


<N_> 
Ny 
If we assume that we remove all holes next to the space charge region the ef- 


fect on the majority carrier n, will be very small. New holes will move into 


0 
the vacated area. Let's assume for a second that they ceme from the N-bulk. 

Since they have a finite velocity it takes time. If this time is longer than 
t the holes will recombine and cannot be used to make up our deficiency. But 


this says that there is a finite number of minority carriers available for in- 


jection. Let's estimate this number as follows: 


Space | Neutral N 


cross-section A 


If all holes in the volume LA recombine in time t the recombination current 


would be 


The compensating hole current which flows into that area from the right would 


be roughly given by 


but the two currents are equal. Hence 


FL 


€ 
or 
L= vDT 
P 
Hence 
OP.e D 
PS hae a 
P 
We call L the diffusion length and note that the effective diffusion velocity 
is v= P= EM 
3 : 4 
Let us now look at the contact potential a little closer. We have 
KT <Ny?><N > 
-Av om ec Nias ln ae tad 
q ay 
| 
but Liiueees —_—* 
<N > i ‘< 
n = <N_> and n = ee 
no D po n, 
Hence 
_ q(-Av) pe 
(1) inet — 
po no 
Recall our ideal gas. The gas molecule density is of the form 
Baie 
vel Ae 
ee 
ag kT 
if Qa, Ae 
scl lo 
, a kT 
we write C2) Ng = Ney € 
But if we recall the definition of potential we may write Eq. (1) as 
_E,(P)-E,(N) 
(la) n(P) = n(N)e kt € 
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The contact potential is only a statement of Boltzmann equilibrium between two 
levels which are separated by BE (?) - EM) = E() - EL (WN) = -qAv. But this 
implies that Por our equilibrium situation the minority carriers which are in- 
jected are immediately replaced by majority carriers which are energetic enough 
to cross the potential barrier. This flow, however, can be cut-off completely 
by increasing the potential barrier by external means. The result will be that 


we will experience a net current density 


Ee 
Lp Ly 


Since this current flows by diffusion it will not cause a potential drop in the 
neutral region close to the junction. Since the source of the current is minor- 
ity carrier based we might expect it to be very small. The resulting energy 


diagram is as shown: 


*po 
x 


*~NO 
j 
Note that Xp > Xp» yo 7 Xye The width of the depletion region is increased 


in particular, the uncompensated donor charge becomes 


Oe ay AN 
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2e(vyt|av|)y1/? <N,> 1/2 
where xy = | 


<N)? (<N,>+<N >) 


If we change Vy) we change Q. The result is a differential capacitance which 


we define by 


C= dQ- = E we ear Mavi we farads/m* 
vs dv, 2(v,+]Av]) <N,” “- <N > 


Here ae or | Av| is the total reverse bias across the junction: N positive with 
respect to P, Note that the differential capacitance is voltage dependent. The 


equivalent circuit for the reverse biased junction becomes simply 


vo 
+ ) 


C 


erase (Usorp Spo 
: by 


A amps 
Lp 


tk Av 1/2 
C.= c(v =O) el farads 


The assumptions that we have made here are the following: 

1. The doping profile is abrupt. 

2. The potential barrier was raised so high by Vo that hole injection 
form P + N and electron injection from N > P; i.e., minority carrier injection, 
no longer occurs. 

3. Majority carrier injection: Holes from N > P and electrons from 
P +N occurs readily. However, the minority carrier concentration is low and 
occurs only from a region next to the junction due to lifetime and velocity 


considerations, The resulting current is small. 
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4, The carrier concentration in the space charge region is very small, 
less than ns The space charge region is a depletion region. 

5. Since the current is small and a large potential is assumed to satis- 
fy 2 the resistive voltage drop in the neutral bulk is neglected. Hence Vo is 
the applied voltage. 

In view of these assumptions it is clear that our equivalent circuit is 
only roughly true. In addition the restriction to an abrupt profile is not 
very desirable. Let us attempt some inprovement. 

Consider first of all the space charge region. Since it is a piece of 
semiconductor it exhibits generation-recombination transitions. But in this 
region p and n are nearly zero. Thus recombination is essentially non-existent. 


But the thermal generation rate is fixed. Hence 


any 
is the thermal Sp enera Eton rate of carriers in the space-charge region. These 
pairs are immediately swept out of this region by the high field. The holes 
are inserted into the P-region and the electrons into the N-region. Thus we 
are again talking about majority carrier injection. 

A more accurate analysis of lifetime in a crystal with imperfections in- 


dicates that the thermal generation rate takes the form 


The current which is associated with this mechanism is 


q 
I 


fa 

“Xp 
ni 

19, (Xyt%p) 


qG dy 


15 


But for the abrupt junction this becomes 
<N,> <Np> 1/2 


n, [2e(vgt|v|)]2/2 jays * <iye 
ee NE ER ee 
The current which originates in the bulk is of the form 


qp__D qn_D 
J ime OLD pO 


P tN 


The space-charge generated term is 


n,W 
4 ab 


Lt ae saath ai 


Hence 

J3 5 Sach ae ete poeNae 

J tT nw Ty AW 

2n, Lp ‘ 2n, Ly is 
Pre S Whey Shee TS 
P A N 

Normally t and Tp and Ty are of the same order of magnitude. Lp and hye are 
larger than w. But n,-S-S <N,? > Destin <N 7+ This would suggest that Jo/J <. <a 


rp eel fam ere Js The space charge generated current would dominate the reverse be- 


havior. We must therefore add this current generator to our equivalent circuit. 


H 
nes <N,> <Ny>] 1/2 
1/2 + 
qP qn qn, {2e(v,+|Av]) <N.> | .<Ny> 
TeEV a ap Sab? oogles nat ace A A 
p Ba aN Ie os 


= Tputx * 'spack-CHARGE 


The v-I characteristic of the diode is shown on page 77. The small signal equi- 


valent is obtained as follows 
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Net 


REV 
Tony (YotAvg) as Tory ‘Yo? + av, AV» 
Yo 
ATaey Trey Yo'4%) ~ Trev %5? _ Strev |: _ Wie 
Av, Avy dv, R Tp 
0 
Vo + | Av| 
TR = 2 ye 


REV 
Typical values for a switching diode biased to -20 volts or so are TRV = 1 pA. 


This yields tp 2 20x10© ohms. A differential capacitance of 2 pf or so is typical. 


Vo) is large enough to pre- 
vent minority carrier in- 
jection. Majority carrier 
injection is lifetime- 
velocity limited. 


barrier too 
small 


new analysis 
needed here 


1 SPACE-CHARGE 
no recombination in 
space-charge region 
aos ga + a 


Let us now return to our second assumption: 


profile has the form 


5 -(ax)? 
Ny = N4e Np 


in the vicinity of the junction: 


dN, 
N, (x,) + — Ax 


dx 


as 
a 


~(ax5)2 


N. (x ,+A 
AS j x) 


= -2a*x Ne Ax 
| 


—aAhx 


Uniform doping. 


The doping 


If we assume that all mobile charges are removed from the neighborhood of the 


junction the charge density will be 


Ze) 
it 


WES 3 x) 


qaAx 


Then Poisson's equation for the space charge region becomes 


dE 


Hp 8 2 
dy € dy os 


O 
By) (= Et 3) cae ee 
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Since the doping is non-uniform the quasi-neutral region will have a field 


i 
yy) - (ax) 
ae kT 1 dN, d KT Z2acx Ne 
ca GERNOT ok ae space PT eeeey pew aes 
9. ar deuN idx qd 4g - (88) 
s B 


in the neighborhood of the junction this may be approximated by using the re- 


sults of page 78. It yields 


lee tee kT ot 


tes = 
0 q Ax q ly] 
The field ES and the space charge field E are equal at x = -5, Hence 
- = (eee 

E(y) = E,(-8) + 25 (y2-8?) 
The potential becomes 

-[v(5) - v(-8)] = 2E (+6)6 +45 ee cele rechs 63) 
vee eieeyS 3 


or 


"NP; “PN 
2 qad? kT 1 
== - 26 — 
Saal <pleal® 
or, solving for 6: 
12¢€ kT) ) 1/3 _ 
25 = a (vypt : ) = 


The potential Yup is the total reverse potential across the depletion region. 


It includes the built-in potential. In order to evaluate it we write 


kT Pp ‘So? kt ewe endo ne °°" 


Vv mo In oe 
NPO q Po 65o? q n, 
ad 
-2,2,, —2 
q a 
but 
2 1954 kT rusia: 
Vv = — - ewan nea A LIL Rpeconen 
NPO ay ee q q n 
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ed 


In order 


evaluate 


and write 


WY = 


The amount of 


The depletion 


results indicate that for an abrupt junction the capacitance varies as v 


In real life one measures C ~ V 


12¢€ 1/3 
5 iusto) 


to find 55 then we solve a transcendental equation first. We then 


charge which we have in one side of the depletion region is 


2 
q 5 6 as a 
MT a 
ah of 9a, *’NP v,) | 
EQ 
dvip 


pI 


igi Ll 1/3 
| NP2* Vo 


1/3 


layer capacitance varies a v for the linear grade. 


~1/m Bee aN 
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Our earlier 


-1/2 
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region of the JFET. It is evaluated as follows: 


(a) assume some value of Vo such that “Vo sve v 


(b) calculate Vg = Vop ~ Vo 
(c) Evaluate (11) for fixed Vg and varying Vos 
parars tou) 
The result looks as follows: Cure 


|.o gees eo orale 


Tyr, 


oO 


0 
Note that we have extended the characteristics into the pinched-off region. 


The gate has lost control over the channel. The Nt-contact is surrounded by 
a depletion region and behaves no longer like an ohmic contact. The current 


becomes independent of Vo: 


SMALL SIGNAL EQUIVALENT 


The description of the JFET in terms of Eq. (9b) is of the form: 


I. = ToVosVq) 


Hence 
ol, or, 
I, + AI, = T6W5sVq) * WV, A Ve "We A Vo 
or 
or, ol. 
(12) AI, = =z AV, + —— AV 
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We define 


dL or. 


ee BIN Ge ee 
P F m Ve 


(13) 


The equivalent circuit for the device becomes: 


=) aero ey D 


We may evaluate Pe and da by using Eq. (9b) or Eq. (11). This yields: 


i We) 
1 aes? Hee (VoAV,tV 5) _ Ro a1, 
31, aV VoptVy (VV 3/2 Viept¥) aVe 
GEO 
Hence 
25 
+V_+V..)2 
a ind fifstetoy) 
eV Ro Vopt¥o 
Ro 
(14a) Deas V_4V_4+V.51/2 
ion + G 2 
VeptVg 


The saturation condition is 


Examination of (14a) yields the conclusion that rore at saturation. This of 


course is reasonable in view of our discussion of the saturation condition. 


If Vo = 0 and Vo = “Vo rg = Ro: This again is reasonable in view of our 


discussions with I, = 0, 


The transconductance may be computed from (9b) 
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1 1 
Ry aI. ae art i (V.+V,4V))2 al : (VtV5)2 
V.H+V, oV. V__+V 3/2 VLA 3/2 
GP e OG cE. 6 (Vapt¥q) GP ‘0 (Vopt¥ 9) 
dL v + Ve V_.+V_4V a 
(15) Saecls G 9}? $_G 0)? 
aVq Ry VaptYo Vapi 


If V. = - V, the an is - ee The minus sign indicates phase inversion. This 
G 0 Ro 

value is the maximum g., which occurs. The channel is near pinch-off at the 

source and near forward bias at the drain. If we stay at saturation but in- 


crease the gate bias the a decreases and goes to zero as the channel pinches 


£ 
off ag both source and drain. 


METAL-OXIDE SEMICONDUCTOR DEVICES 

The oxidation of silicon is an integral part of integrated circuit man- 
ufacturing. It yields silicon dioxide; S10, ; which is also known as quartz. 
Since this material is a very poor conductor or good insulator it would appear 
that it is ideally suited for capacitor manufacturing. The resulting structure 


would appear as follows: 


' Semiconductor 


Let us now assume that the semiconductor is P-type and that a voltage Vo is 
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applied across the device: 


(a) 


Ea 


(b) 


Assume Ve is negative 


This would imply that some holes or majority carriers would be swept 
up to the S5 - 5,0, interface. These holes form a positive excess 
charge at the interface which is balanced by an equal, but opposite 


charge on the metal. The charge density and energy diagram is as 


shown: 


here we have assumed that the S,0, is a wideband semiconductor, 


AE~8eV. The field in the oxide is in the negative x-direction. 
Note that the movement of holes towards the surface causes an 


bP Pods 


accumulation layer, i.e. a region in which Po > Poo AS 


Assume Vo is positive. 


If Vo is positive holes will be repelled from the surface or 


interface. If Ve is not too large a depletion region forms since 


uncompensated acceptors are present. The charge configeration is 


as follows: 


ry 


yi 


The charge in the depletion region is 


The surface of the semiconductor is depleted of majority carriers. The 
carrier concentration near the surface is P>0 > P, (0) > nis 
Suppose now that we make the metal even more positive this would result 


in the attraction of electrons to the surface. They in turn cause a negative 


charge to appear at the interface. 


Note that the energy diagram suggests that Ne > T, near the surface. We spear 
of inversion: the accumulation of minority carriers. As soon as we form an 
inverted region the depletion layer will essentially remain constant with 


further voltage increases. We therefore have a maximum depletion layer width. 


The semiconductor charge becomes 
Rg = &, IND max 


We may analyse the positive potential case in a straight forward manner. 


In the depletion mode we have 
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lan 
ott at Pe sr Oe ake 


dE «Sk NW dx 


Eos A 
E(x,)-E(x) = - in N, (&y-x) 
Si 
But E(x,) = 0 
E(x) = # + N, Ggy-x) 
Si 
dV = - oa A Xp7x) dx 
L 
x 
vag) == ago By 
Si 
Z 
qN 
or V(O) - V(x) = oe 
Si 


We define this quantity as the surface potential. Note that it is given by 


ge BeOrE) «0 Ep )-Bys ©) 
s q EG 


It may be used to write 


Vg 
dV = 2-5 (x7) dx 


=p \ 


or 2 


V x - a 
V(xp)-V (x) = <2 ae (x, = — XxX) + = ) oe 


V 
V(x) -V(x,)= —& Cx,” ~ 2xx, + “i 


2 
V(x) -V(x)) = Vy (1 - x) 


If all potentials are referenced to the potential in the neutral bulk we get 


2 re 
Viz) = Ved = =) wry 
doo tod 


D « 


The onset of strong inversion is defined by 


Ne = n(0) = N, = P 


In the neutral bulk we have 


E_-E_,. (~) ae, Ea ) 
| A sO —aegnenmerememneeroemae 
nm=n, € kt P=N, = n,€ kt 
i A 5d 
Hence kt ta A = E,, (@) = Eo 


The strong inversion condition yields 


a (a 
> 


- 


S kt fn = E, ~ E,, (0) 


Hence, the onset of inversion is given by 


Be py (0, = Bp y (7) EB 


ae Bp (+ Bp (0) ee ag 
a ALYY i tm —4 


The width of the depletion region is 
The 
x -[ as) 
D qn, S 


The maximum depletion layer width occurs when Vo = Vos: Hence 


; Pe = 
es qs = Ee; @) -Fere 
ov Eeivl- Eee) => 2RA! 
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1/2 


x = 7 ge 
DMAX |qN, Si 


If Vo > Vo4 the charge in the semiconductor becomes 


NOC ACD tds 


where Q, = ~qN, XDMAX 


Q: inversion charge. 
In order to calculate the capacitance for our structure let us write: 


(1) Vo Vi cee 


Here Vee is the potential drop across the oxide. If the dielectric is perfect, 


i.e. if no charges are present in the dielectric, the oxide field is constant 


ag es 
(2) ae = 


in the semiconductor we have 


dé 
epeeh 0 (x) 
Si dx 


=i 
E,(@)-E,(0) = = Q, 


Qg 

or (3) E (0) wh TT 

Si 
But at the interface 

(4) Egy Fo caps E x at x = 0 
Hence 
© S4 ¥ x 
vy ne * ox File % * ox € E.(0) i346) € Qs 
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But the oxide capacitance/unit area is 


C = OX 
ox Xx 
Hence 
Q 
S 
(5) V a 
ox rule 


If (5) is substituted into Eq. (1) we have 


Qs 
(la) Vo = Vo Gael 
Ox 


We now define the differential capacitance of the structure by 


S 
(6) c=-—* 
dV, 
Then 
1 
>) (1b) Vo = Ve aera Q, 
ox 
dQ. dQ. ae 
But a 8 
Cy dQ, 
Hence 
i A ee al 
(7) CC 6 fen 
ox S 
C C, 
or (7a) Ce — 
+C 
S ox 


The total capacitance is therefore the series capacitance of the oxide and 


the semiconductor. We may write 


9) C 1 
y (7b) = 
63 
ox 1+ —O% 
C 


NS) 
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In order to understand the behavior of the capacitance in the depletion region: 


V, > O But V, >> 0, i.e. moderate forward voltage, consider 


G G 
Q, 
(la) Counce wears 
But ae 
Q Nix = -qN asin ; 
gE pom A TA 
Hence 1 
x 2€ 2 
em _& {Si 
(1b) Vo = Vo + qn, 3 os vs 
ox A 


If we solve this equation for We we find 


We now write Eq. (7b) as 


ox 
(7b) eae 1 + 


1 L 
Poe, Bye oe OL ca “ox a) 
C Xe &o4 qn, 2 ea qn. 
1 
Sea a 2 
+{/1+2-2= 
| ees Wy oy | 
ox 
Hence 
Cee 1 
th © ox 2€ : ZL 
ox 2 
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This equation is valid in the depletion region. If Vo < 0 we have an accumula- 


tion condition and the silicon acts as a lossy conductor. Hence <— Fe a & 
aK 


Vo Se Lt Vo > 0 the depletion region forms and is voltage dependent. The 
effective capacitance C decreases. But Xo reaches a maximum value. This 


occurs when V_=V.. If V.>V 


G 1 G 7? i.e. in the inversion region, the capaci- 


tance will again be voltage independent. 


Che. 


depletion 


Accumulation be WtrHNISIC 


> VE 
Mair 
We may calculate Ve as follows: 
Qs 
(la) Vo == Gal + Vo 
ox 


But at the onset of inversion 


N 
fa sce Eh a ay pelea let 
rs) a q ny 
eat ps 
ie dies by yay): 1 guint Fy Ny Val 
Hence Bi 
Xe E54 Z 
(10) V,=anN, —& a vsi| + V4 
Ox A 


We can therefore control this voltage via the oxide thickness and the background 


doping. There is however an additional constraint which we must impose on the 
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capacitance measurement in the depletion mode. This comes about from the very 
fact that we do have a depletion region which in turn implies a thermal genera- 


tion rate. This rate is (See page 75) 


it contributes in time t 


n,x 
Oued GB 
ew A aamner 


electron-hole pairs. Here A is the cross-sectional area of the device. In the 
steady state, i.e. if Vo = constant we would therefore have to admit to the 
fact that the depletion region contains some mobile carriers, in particular, 
since the field for Vo > 0 would tend to pull holes into the bulk, i.e. away 
from the surface the electrons would tend to accumulate near the interface. 
This idea has the following implication: 

Suppose we change Vo > Vo ne AV, in time At. This changes the charge on 
the metal gate from Qa > Qo + Qe" The charge AQ. is compensated in the 


’ semiconductor as follows: 


qa 
(a) i£ AQa >> A= xp)At the depletion region will inctease from 


x) > Xp + Ax) and will supply AQ = -qN, A Ax), 
charge to achieve over-all charge neutrality. This is the normal 
depletion layer behavior. Our earlier capacitance curve would be 


correct. Note that it requires At to be small. 
qa, 
(b) If AQ< << AST By At the depletion region will not increase 


in size. Electrons will be swept to the interface until AQ. 
is compensated by electrons in an inversion mode. This, however, 
states that for slow changes the depletion region does not enter 


into the capacitance. The oxide capacitance only should be measured 
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if At is long. Our results are frequency dependent. 


Cle, 


Typical results are shown in the above figure. 


CHANNEL CONDUCTANCE 


Let us now change our capacitor slightly. 


Wap Le ieee ee ee ar 


INvVeETSION W 


ad —_— —- — — — — 
C Peple Crow 2B 
D4 


LS 


Let us supply a voltage Ve between gate and ground. We then supply two 
N’-contacts which make ohmic contact to the inversion layer if it exists. 
The conductivity in the y - direction is 

o = quin(y) + qu PO) 
But there are no holes to the surface if Vo > 0. Hence 

o = qu ny) 


n(y) is large near the surface and decays to n, at Ys Lf °y.. y,; we are in the 
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depletion region. The average channel conductivity is therefore 


V4 


(15 ite | o(y) dy 
Yi /o 


the resistance between the two N'-contacts is then 


eyed. f 
<o> ZY, 
or 
Ys 
vee. VA 
(12) Ore | o(y)dy 
0 


y 
i 
Qn = <q | n dy coulombs/unit area 
0 
(13) GC har ene 


But if the total charge in the semiconductor is Q, and the depletion layer 


charge in the inversion region is Q3 we can write 


But according to Eq. (10) page 97 


Q8 
V.=-— +V (inversion) 


a C Si 
ox 


TBs Coe ea ae 


and Q, = Ca Ve VQ) 


Hence, Qn m= Gigs (Vo-V GHW-Vo) 


Zz 
(14) G + L We Vo-Ve VitVo4) ON 


hs ¥ 
ery Vo Vi) oe - Vg ( V4 
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G = Ve or until the inversion 


regime begins. We might therefore call Ve the turn-on voltage and agree that 


This suggests that the conductance is zero until V 


it is of technical importance for a device. The entire mos structure acts very 
much like the JFET: it is a voltage controlled resistor. Note, however, that 


the N-P junction is field-induced rather than mechanical as for the JFET. 


WORK FUNCTION DIFFERENCES 

The electron energies at the fermi level of the metal and semiconductor 
in the mos structure are different. This difference is normally expressed 
in terms of the work functions of the two materials: The energy which is 
needed to move an electron from the fermi level to vacuum. Contact between 
metal-oxide-semiconductor leads to a charge exchange between the metal and 
the semiconductor. A field will appear across the oxide. The resulting band 


structure is as shown 


Ee 
4 Fp 
on Eres 
| . 
Ve =Ves 


ag Vo is adjusted to V 


q 


the energy diagram will be as shown on the right. 


FB 
We call Veg the flat band voltage. It is equal to 


q 


Yep ~ $y ~ %s = Sus 


Note that bu and b are modified work functions: The energy required to 
move an electron from the fermi level to the conduction band of the oxide. 
Both quantities are material parameters. Hence V is a constant for say an 


FB 


aluminum-oxide-silicon structure. 
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INSULATOR CHARGES 

Our analysis of the mos structure was based on the assumption that we 
have a perfect dielectric. Normally we produce the dielectric by thermal 
oxidation of silicon. This implies that it may contain some silicon ions S$ ais 
some oxygen ions 0 and a variety of inpurity ions Bits Kr etc.. These result 
in a charged oxide. The question which concerns us here involves their effect 
on the mos structure. 

Consider a charge AQ which is somewhere in the oxide. It induces the 


charge ~aAQ in the metal and -(l~a)AQ in the semiconductor. 


Ca 


~ (1-4) &@ 


Then, assuming delta functions 


eee ' 
“ox dx ahQs(x) + AQS(x-x ) - (1-a) AQ6 (x-x, ) 
E = = ahQ @) <x< ie 
“ox 
(1-a) AQ oh Si Ne Se 
ox 
ox 
the field is therefore as shown: 
(1-4) 69 
Euy 
EEN ee era 
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The potential is related to the field by 


aver" 
dx . 
8 bon 
’ yA ’ 
Hence dV = af x eee AQ (x..-x ) = 0 
€ € Ox 
v(0) ox Ox 
But this implies that 
' q 
ax —- (l-a) (x, 7X )}=0 . 
Xo —x 
ox 
or a= 
x 
Ox 
The two induced charges are therefore 
v 
pia en hs 
Qy = ~G = = AQ (Metal) 
ox 
t 
and Q. = a AQ (Semiconductor) 


Ox 


We now claim that the only effect of AQ is that of shifting the flat band 
voltage. In other words: the flatband condition requires that the semiconductor 
be charge neutral. BY if we apply a voltage vere such that this external 
voltage causes Q ob a AQ to be induced in the semiconductor then the total 

ox 


Q, will be zero. But this is the flatband condition precisely. The shift in 


the flatband voltage may be calculated by considering the charge density: 


v t 


p(x) = — =~ agd(x) + — AQs(x-x,,) 
Ox Ox 


This yields 


Vix -V (0) = 


I 
> 
O 
™* 
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But V V(O) - Vx 


Hence 


Since this is the shift in the flatband voltage we denote it by V Normally 


FB’ 
the oxide does not only contain AQ but the charge density p(x) in the oxide. 


The total shift in the flat band voltage become 
x 


Ox 
pic gelay xp (x) 
Verge azn ee 


'f 1 
ox /0 * ox 
The contact between the silicon and silicon dioxide represents a dis- 
continuity in the silicon energy diagram. Dangling surface bonds contribute 


a charge Q,,- Its contribution to the flat-band voltage shift is 
SS & 


veo Qog 
FB Cox 
We add also the work function difference to obtain the total flatband voltage 


as 


The effect of the flat band voltage is essentially that of shifting the high 
frequency C-V characteristic along the Vo axis. Thus, if we assume a perfect 
dielectric and no surface charge we calculate an ideal C-V curve. A measured 


C-V curve will then appear as shown. 


7 
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. 2s 
VFg Guns FS (exp) 
It is of course obvious that the shift in the C-V characteristic will also 


cause the turn-on voltage Ve to be shifted. Matter of fact, if the oxide 


charges are sodium ions the application of a field will cause ion drift 


which changes p(x), which changes VER and therefore Vee The turn on point 


would become time dependent. The resulting device could not be biased in a 


stable fashion. It is exactly this problem which had to be overcome in order 


to make mos devices practical. 
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THE JUNCTION FET 

Suppose we combine the idea of a resistor and a depletion region. 
| if 


sa enn ate at mie lige So 


2 oer era ee Sete S48 8s Nett nteentela mnt a ene! owen one 


N (Am 
S Nt Ne D 
i Se oo 
OL 
p* Nae eee ae 


The pt-region is a heavily doped contact region. The nt contacts are ohmic 


contacts between S and D. Hence the network element between S and D is a 
b \AD 


w 


resistor. If we paisa ko ie pt_n diodes a depletion region forms which will 
increase the resistance S-D. Consider grounding S and D. Then we have the 


following 


if the doping profile is abrupt the value of Xy will be 
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1 
‘y i | 2eVip N, 5 
q Ny (NHN) 
N.N 
é kT AD 
Vee ay Ok Vo Sadan oe 
aes 


If we adjust V, so that a = Xy the entire N-region will be depleted. We call 


G 
this the pinch-off condition. The value of Vo which is needed to pinch the 


bulk or channel off is called the pinch-off potential Vop* It is given by 


2 N_(N.+N_) 
se i Dh. 
(1) Vop 2€ Ny Vo 


The width of the depletion region in the N-material may be written as 


V_4+V V 
(2) ae Si a — 
GP’ 0 GPO 


Suppose now that we remove the ground from S and D. A current will flow and 


the following diagram will apply: 


The current I, causes the channel voltage drop V(x). Note that we are neglecting 
the reverse saturation current of the diode. The total potential across the 


depletion region becomes 
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Surface Field Effect Transistor 


os SiO 
rae 4 & ve 
I an EST ar 
DEPLETION 


— 
a ‘ 


In the above sketch we describe a MOSFET in the active region. If we consider 


a differential cross-section Ay we find 


a voy) + AV 


[Ay —+| 


Hence Q.. is the inversion charge and Q. the depletion layer charge. The voltage 


drop 


~cabtady 4 God ye 
dy Zu Q (Cy) 
49 ye 9: 


The total semiconductor charge is 


Cafatig basge7e 


107 


and 


The last equation is Eq. (la) on page 96. 


-the flatband voltage. 


(4) Q(y) = = [Vg - Vpp 


It has been modified to include 


Combining (2) and (3) yields: 


~ Ys tGre * Q3 Cy) 


The voltage V(y) is the voltage measured from a point in the channel inversion 


layer to the grounded source or the grounded P-substrate. 


It is therefore 


also the voltage which is measured from the semiconductor surface to the neu- 


tral P-bulk. We write 


(5) Voy) = Vy) + Vy, 


where V(y) is the voltage across the depletion region. bee is of course the 


potential at which inversion starts. The depletion layer charge becomes 


(6) Qy) 


and 


(4a) Ay) 


= ~qN .X, (y) “=~ [2e,,qN, (V)+V,,)] 


u/2 


L/2 


ert a Ven oO) ary oe eemaee | 2e5,4N, (Vy) 4+V,,) | 


The differential equation for the device becomes 


a a zi ie eet : 
LON Bass 21.055 (Vg Vong) {amen glee a4 (VQi°O)]| 


1/2 av 
dy ° 


The integration is readily performed. V(0) = 0 and V(L) = V. yields 


This is the characteristic of the MOSFET. 


ferently by noting that 


n ox| (YeMr- es ay Bi 


D 
¥v2e_.qN 


si’ A 
C Ly+V, 
ox 


2 3/2 3/2; 
V et ) 3 Vg? ll 


i 


It may be expressed slightly dif- 
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This yields 


D L°"n ox 3% 


rae ate 4 
a D 4 ‘si’ ox 3/2 
(Sa)\4 TS) t= wo C (v -V_.-V .- Ply - 2 55S. W L¢v +V_.) - 
G FB si 2 D ox *DMAX si Be rist 


This equation is of course valid only if the device is not saturated: the in- 


version charge exists along the entire channel. 


Approximate response: 


Tt YD ee Lig 
(8c) IéA ~- xy, C (V_-V..-V_.)V 
D Louahs OX on Co FBS edicaeD 
which we may write as 
oe So obi =vesy Vee Goya 
D ifn OS @G «TOD T FB si 


The transconductance of the device is defined by 


ol 
D 
(9) Wotg lear 
m VG 


Il 


L 
L Me uD 


and the channel conductance by 


ol 


Vy 


(10) ¢g 


AA 
L Wea VeVi) 


where V. > V_ and Vy <r V 


G T DSAT* 
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The saturation condition is specified by 
Qy(L) = 0. 
The inversion region disappears near the drain. Since 
(4b) Qn = - [V., - Vip - V(L) - Vee + [2e_ aN, (viL)+v, ,)]7/ 


we obtain at saturation 


1 1/2 
Ser Pip [Vo if VB ny Vos yi yee [2e, aN, (V,,tV),)] : 


If this equation is solved for V), Eq. (11) results 


€_,4qN 2c2_(V.-V__)}1/2 
eb tele appt pavella Ns ge LEN LAE) E fs ox G FB 
qN 
Ox ih Bae 


This equation, subject to the condition XDMAX PPS 


amet approximates to 


(12) vie ial Gai PRA ate 


Transport theory: 

The devices which we have considered thus far involve the concept of a 
depletion region: no mobile charges, and the concept of a resistor: no excess 
mobile charges. In order to treat more general devices we must consider the 


behavior of excess densities in the semiconductor. 


We know: 
(1) J. = q n& + qDn ou 
N n dx 
q dn 
(2) Jp =q ee qD et 


(3) J ah 


(4) == Fes syle n ot Nae eH b) 
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The equation which we have not used yet is 


eek ap _ 
(5) V J+ at 0 


this is simply a statement of charge conservation. Note that 6 refers to the 


mobile charge: q(p-n). We might write 
> =F 3 
(5a) “Vo (Iyt5p) + q Se (p-n) = 0 
(Vis dieeig ee) Fay de fq 2) 0... 
N ot r ot 


The first term refers only the the electrons, the second only to the holes. 
These two terms are also conservation statements. Note, however, that we can 


generate an electron and a hole in particular if we say that we have a pair 


generation rate qG and a pair recombination rate qR then the corresponding hole 


charge will be q(G-R). Hence 


(6) V Jp antl ve q (G-R) 
— 3 —{ — = 
and (7) Ve Jy q at q(G-R) . 


Recall that G may contain an external generation rate as well as the thermal 


generation rate. If the external rate is zero we know that 


Pp - p n-n7 
0 0 
(8) G-R=- ; = = ‘ 
and 
3 Per Po. ep 
(Ga) Spear yi a q ox 
ne-in OJ. 
(7a) Ls RR me CRT GG DR) : 
ot ne q ox 


Note that we have implied that 


Lld 
ahead Shell's or An = Ap 
n =p: < Py ay no 


If we substitute (2) into (6a) we get 


nyt bloat, MaeR 
dt t q 0x 
ied dareae 2 
CLE Ly a eee SP _ Le 3 
3) ot T UE. ox MP ox vi a ox 
0E 
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i“ - 
but Ca)” Ee arg @ (bap Ne oat) 
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gq Hf ee! yeaa 
2 (Po Ny +N, Ny ees 


This equation suggests that if the semiconductor was charge neutral at equili- 


brium: the doping porfile did not change too rapidly, the quantity = in non- 


equilibrium will be small. But Eq. (8) contains the term p a We may then 


ox 
argue that this term is small if we select p as the minority carrier. If p 


Uy wi ; cle ) 
is the majority carrier than p 2E is not small. However, in that case n oe 


will be small. This suggests that we can approximate the minority carrier con- 


tinuity equation by 


P= p 2 
9 9 9 
(QIN SE Mids aparen iw tg Ewen Daas (N-type) 
p 
or 
T= ark 
3 0 3 92 
(10) a = Terre + ue a 4 D rah (P-type) . 


The condition that ae is small inplies that E is nearly constant. This suggests 


that (9) and (10) are essentially linear differential equations. The particular 


situation in which 


> , 
(11) Dae > > HAE ap (N-material) 


ys 
od 


LigZ 


is referred to as the diffusion model approximation. It is of great importance 


in device analysis. Its implications may be studied as follows: The statement 


(11) means J Sa oer . If this condition is satisfied (9) becomes 
PDI FFUSION PDRIFT 
Paar 2 
BD Sie £9 60! 3 ia 
(9a) v, = 4 CS ae (N-material) 


or, in the steady state 


Zt Pp 7 Po d2 
(9b) 0 ae oni spare ninG ly 
Pp 
nf 
where we assume constant doping: ie Np» Ly eee The solution of this 
D 
equation is of the form 
x/L -x/L,, 
oe = + = E 
C12) 2p Py = Ae Be bs “dtp 


Here us is the minority carrier diffusion length, which we defined earlier as 

the average distance which a minority carrier can diffuse before ft recombines. 
If we assume that the N-type semiconductor extends from 0 < x < ~ (12) reduces to 
-x/L 

GED io ato MG ene 


x=0 


The diffusion current which is associated with this distribution is 


mineanioreee aes) 
oy nae dx 
or 
qD -x/L 
(13) J, = a (p-P)) € Day 
p x=0 


Since we are assuming steady state conditions 


5) V2 J = 0 J = constant 


hence Jy =J- Jp ‘ 
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We define the injection efficiency by 


J. (x) J,(0) -x/L ~x/L 
(14) y= A = *- € P= y(O)e ate 


The two currents may therefore be written as 


y(x)J 


Jp (x) 


i} 


(14a) 13 Gy) = Co GT 


The electron current has two components: drift and diffusion... 


Ly mt OE a is as qd oe 
ves a dx qe dx (n ny) Tange (p Py) 
Mea 3 d(p-py) 
D dx 
p Pp 
Fodlnt: He 
(15) J ADF = ~bJ,, (O)e b = ‘igh § 
Pp 
The electron drift. current is 
JADR 7 quae 
but for small injection n = Ny ray NTs. Nos Hence 
Jypr * Waoé 
(16) June = of o = quiny + qd Po = qu ny . 


The total electron current becomes 


-x/L 
oE - bJ,(O)e P 


=~ 
= 
—~ 
ww 
qy 
i] 


-x/L 


but oE - by(0)Je P 


Hence: 
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@ ~ ¥(x))J 


(14a) Jn 


-x/L 
(1 - y(x)e pad ; 


Solving for the field yields 


-x/L 
(18) & = ae - (1-b)y(O)e P| 
The field at very large values of x is = E(~). Thus 
Al 
(18a) PAN lias 
-x/L 
E(x) = E(~)|1 + (b-1)y(0)e 


for silicon b ~ 3. The resulting field appears as follows: 
E(x) 
<—-——_ E(w) (1 + (b-1)¥(0)) 


E(=) | i ta cok 


Our analysis is valid only if the minority carrier drift current is small: 


Eq. (11). We may check this as follows 


J = +Ap)E 
pRR qu, p) 


The worst case drift current appears at x = 0. 


Tye Odn qu (P, - p(0))E(0) 


This current has to be smaller than the hole diffusion current 


qD_ Ap (0) 
Qiin(By gt AP(0))E(0), << ——e —— 
P 
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VER. > Po this yields 


D u 
EP Veen: 
uiE(O) < <7 seat 
P p 
or iv epearec yeh Tis 
) qe6€0) 
or 
kT 
(19) ECO) 7 e8 of 3 


P 
Thus, as long as Eq. (19) is satisfied the minority carrier drift current may 
be neglected. Consequently we may calculate the minority carrier distribution 


from the diffusion equation (9a). We conclude that the diffusion model is 
| aa 


L e 
p 


valid as long as E < 


Diffusion Model of the Diode 


Suppose we apply our ideas to the junction diode. 


OHMIC age, 


Examination of the problem suggests that we have three regions: 


Lier Oe Sse VG) a ied (P-Bulk) 
p P 
Li, Sh op ee +d Space Charge Region 
Wy i wy + 4, (Sp Charge Region) 
Aig UP Oe oo + dq <x < Wp + Wy (N-Bulk) . 
If we restrict the current I to low enough values the field in the "neutral" 
bulk will be small enough to satisfy E, < Le and E < aie - In that case 
Hi qly Bi qlp 


the diffusion model applied to both bulk regions. The space charge region 


always will have a large field. The diffusion model will not apply. 
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Region I. Oi< x < Wo ~ oe 


The diffusion model equation is 


a aeoiy d*An 
(1) | tile i“ es we dx , 


its solution is 

(2) An = ee + bes Ly = Dit 
since the contact at x = 0 is ohmic 

C3)y An(0) 20.. 
At the space charge edge we write 

(4) TS ole, = An) 


then 


-w / WwW / 
An(W_) one *N e P “N A, 
(5) Pains 
0 1 1 BL 
or 
W/L 
AL ; BS ey Hw dn(W) 
(6) BaWeGas oN Ls -W / 
= L bd 
BL e P Ne piN 1 -€ P *N 0 
Substituting into (2) yields: 
sinh | x/Lay 
(7) An(x) = a = 7 An(w -d ) 
sinh as oe 
Ly 


We note that (1) is a linear differential equation. (7) states that An(x) is 


linearly related to An(w -dp). The minority carrier current is 


and wtwss- x 
cosh z 
qD L 

em Ses ee ee 

(13) J. =s—= Ap(w.+d_) 
P : Wy ~ dq, 

sinh L 
Pp 


Region 11 J) Wj 8d aes Xero ew ea 

. Pp Pie Pp n 

This is the space-charge region. Surely we cannot describe it by the 
diffusion equation which requires a small field. But a space-charge region, 
if it is a depletion region, has nearly no mobile carriers. This in turn 
would imply no recombination. But if there is no recombination and if we neg- 


lect! generation also then if J, enters this region Jy will also leave it. In 


N 


other words 
(14) aH one = Javea) 
CES) Tea ca? ts Sah he 

but the total current is J = Jy) + Jp (x). Hence: 
(16)*) i= ae ane + Eas ; 


substituting from (13) and (8) yields 


qD w -d qD Wy 7 dq, 
Clit) ana [ coth 2 An(w -d_) + [ coth nae, Ap(w +d) 
by by P P P 


This equation suggests that the current is linearily related to the excess den- 
sities near the junction. In order to make (17) useful we must next relate the 
excess densities to the applied voltage which causes the current density J to 


flow. 


120 


Voltage-Excess Density Relationships: 


Consider the equation 


: dn 
Wy Jy 4 SIN x a dx 
or 
gg ky esas aR a eno 
dx  qD kT kTno 1D 
n n 
The field is related to the potential by E = - ae: In order to integrate (la) 
consider 
_ qv (x) _ qv (x) _qv(x) 
be an ca ge aa RELY by 
dx ~ dx kT dx 
_gqv(x) 
- (4244 kT 
se kT nE| 
but then 
_qv(x) _qv(x) 
die igs kL iN kT 
(1b) [ge kT nf |e re qD 
qv(x)7 
“i ele n(x)e we 
dx 
We may use a similar procedure on the hole current equation. This yields: 
BY) ge ve) 
(2) - n(x)e ker = ge a 
dx qD 
qv (x) qv (x) 
d kT y P kT 


Let us apply these two equations to the space charge region. 


we shift the coordinate system: 


Vows v(-xp) - v(xy) 


For convenience 
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Integrating (2) and (3) yields 


qv (xy) qv(-xp) i. _qv(x) 
; : *N CN kT 
n(x,)e - n(-x,)€ = | ri dx 
fs n 
qv (xy) qv(-xp) : J qv (x) 
kT aaa ae a ane a ee 
p(x Je p(-x,)e mall qD. dx 
p 
| eee 
We may solve these two equations for the minority carrier densities. 
_qu(x) 
# Tee) -VOm)) Fae VO) py J ier ‘ 
(4) n(-x,) = nae -€ @, € x 
-x 
P 
gq re: Ege qvGx) 
c ep LY (-Xp) -vGyy) ) ow My Je ur ‘ 
(5) py) = p(-x))e -€ D, € x 
rap 


Suppose now that we neglect the two integrals. Then we have 


ig (v(-xp)-vGx)) 
oye reese es 


4-(v(-x,)-v(x,)) 
(5a) p (xy) = p(-x,)e" “P oN : 


The junction potential 


Vy = Vpy = v(-x,) ~ v(x) 


contains the built-in potential. It is related to the external potential: VaR 


by 
(6) Vypy = Vg 7 Vy = VCR) ~ (v(-xp9)-vGqyy)) - 


We may write Eq. (4a) at equilibrium as: 

a pris Baal yc pe 
no‘ SRO ier OX pp) -V (qq) 
Ny OX) 


Py (yo? Tyg %pp)-V yo?) 
Py’ seeqee : 


3 (4b)? ole = 


C56) U1 


L22 
Combining (4b), (6) and (4a) and (5b), (6) and (5a) yields 
qv JEX 


(4c) n(-xp) = ng (-x,9) 


(5c) pt) araen (oa ay © 
0 Da Xp) 


Let us next assume that we have charge neutrality at the edges of the space 


charge region. 
(7) p(-x,) = N,(-x,) + n(-x,) 
(8) n(x) = No Gq) + pGxy) 


Eliminating the majority carrier term from (4c) and (5c) yields 


- qVJEX (-x._) IV JEX 
Pesan | ae Do 
(4d) n(-x,) = Pattee € p(x) = ote) N p Sn? £ 
Pp, (xy) ve P, (Xo) IV JEX 
(5d) - [Pareto n(-x.) + p(x.) = "2 Ny, (-x,)e 
op es a : nN P,(o%5) F 


This is a set of equations for the unknowns n(-x,) and p(x). If the doping 


is reasonable: 


Se OE epee eeem en eter ere Sls 12S - ay 


PS ake Mae eee 
Ny (%yq) Ag HyQ Py (—XpqQ) Ny Oy Ny (Xp) 


> 


these equations are used to derive (9): 


jo erat 


2 WV ypy qVJEX 
' 
i 


i 
ier + N,(-xp) N Geqp) Na —%py) ; 
(9) n(-x,) = 


| ie af | 
ef 
oe = N, (-x,,)N, (x,,) 
iPM NG tua Aa A‘ *po’D*"NO 
The equation for p(x) is of the same form as Eq. (9). It may be obtained by 


subscript exchange A> D, D> A. 
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This equation may be approximated for special cases. Let us assume _ 


that 
(a) the P and N material are uniformly doped. Then 
Np Gy) = Np yg) = Ny 
NES) SR See 
on ovIEX 
(b) gO Sate € ; 
NAN 
this implies that 
kT 1 Gp ae 
q : JEX 
sf 
or se Sop Vinx 
The external junction potential is much less than the built-in potential. 
Then 


Sele Dee ed kT 
(9a) n(-x,) ~ ; +i 2 


SMIEX hy Zou TEX 
N n ie ro" 
A DA 


Suppose now that we make a third assumption: 


N 
kT D 
(c) 2 5 ln | bie Vinx 
at 
Then 
qv 
fe kT 
(9b) n(-x,) = Tp) € 2 


This equation is subject to four conditions: 
(1) The integrals in (4) and (5) are small. This will be true if the 
total depletion layer width is small. 


(2) The doping on either side of the junction is uniform. 
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(3) The applied potential is less than the built-in potential. 
N 

(4) The applied potential is less than a in : 

i 


If we also use Eq. (9c), 


GV IEX 
(9c) p(x) ae he kT 


the conditions are further restricted by 

(5) Vv chateau vee 
The five restrictions apply to the use of (9c) and (9b). Only the free res- 
triction applies to (9). It is therefore conceivable to use Eq. (9) and Eq. (9c) 
for a particular situation. (pt _n Junction.) We will assume here that we have 


reasonable doping and small applied voltages. Then (9b) and (9c) used in (17) 


yields 
qD w, -d qDP., Wy - qd SK 
(10) r= [2 a, ati bck d mae ema cd le aul 
; n N tA P 


This is the characteristic equation for the diode. Note that if we have long 


bulk: 


qD 
2 Oo hee v2 “3 a a 
(10a) J a Npo + re ATP 1 ale , : 


Here Je is the saturation current for the device. It does not include the 


sapce charge generated current. 


Transistor Base: 
Let us now apply our ideas of the two preceding sections to a piece of 
uniformly doped material. 


N-Type 


pay as, 


Let us apply Ap(0) excess holes to the x - 0 boundary. At x = W we assume to 


have a contact which removes all holes: Ap(W) = “Poe We also assume that 
the diffusion model holds: E < = The solution for the minority carrier 
P 
density is obtained as follows: 
va 
(12) o=-42+p S5P 
uF p dx 
x/L -x/L 
P 
(2) p = Ae + Be : i 


substituting the boundary conditions yields: 


Ap(0) ia 1 A 
(3) s = |.W/Lp -W/Ly s 
Pao e € 
“W/L, 
A 9 -€ 1} Ap(0) 
(4) nine viens mee hind Aa: 
B a € -1) =p 
sinh Wk no 
Pp 
or W- x ; > 
Ap(0) sinh ci Di, SLI ce 
P no Lp 
OF. 
sinh 7 — 
P 


The minority carrier current is 


ety adh 
Jp saat dx 
oa W- x x 
qD Ap(0) cosh L + p : cosh ae 
(6) J ae ae Pp Pr 
id L ‘ W ‘ 
P sinh L_ 
le 


Evaluation at the two boundaries yields: 


qD W qD W 
(7) Jp (0) = Hf MY) coth appar e Pro met 


: qD W qD W 
(8) J, W) = Tate ne csch Tae T Pac coth 1S é 


< 
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If we make the width of the N-material very small: W < < L, these equations 


P 


reduce to: 
ue ha) 
(7a) J, (0) eT Ap(0) + i oa 


qD 
a 
Cn Ted Dee rae AUS" Gs oc read eas 


The two currents are therefore nearly identical. Let us next consider the 
contact at x = 0. It supplies the excess density Ap(0). We provide this by 


forward biasing a junction as follows: 


P N r ae 
See 
e c 
mt) 
wo 
Jp + + 
x=0 x=W 
ES eae es 
b 
But then 
GVEB 
(9) Ap(0) = P, te lies 
. qD aVEB 
and Jp (0) = JW) = Ras € Pao 


The contact to the base was established with the metal contact as shown. This 
contact will not interfere with the N-material if the field in the N-region is 
small. But a diffusion current requires no field. Thus, if J, (0) is the total 
current the contact will not affect our analysis. We may force the condition 
Jp (0) = Ji by designing the P contact correctly. The excess electron concen- 


tration at x = 0 is 


ene 


(10) An(0) = me 


2), 


If the P-material is very long: € 
(11) An(x) = een 
and is a my: An(0) 
hence 
qv. 
(lla) Jy (0) = a Fs - ) : 


The total current at x = O becomes 
GVEB aVEB 
qD a qe 
rete - (Bia 8d 
(12) Jn = hy ae 1 + yf Pp 5 
The hole injection efficiency at x = 0 fore > > 1 becomes 
Jp (0) 1 


(13) 3 Ye" Foo) we CO) J..(0) 
N P en | 
7,0) ( 


or 


(13a) YR 


We would like to have this value as close to unity as possible. In order to 


do this let 


no po 

n.* n.* 
or : > = “ 

ND aN 
or Nid St SN 
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Thus, if we dope the P-material heavy compared to the N-material nearly all of 
the current which crosses into the N-material will be a hole current which ends 


up at x = W and not at the metal contact. We write 


ELEM, 


Let us next consider the situation at x = W. Here Ap(W) = ay sg: We 


supply a reverse biased junction as shown. 


cide: 
€ - 1 
Pro 


= muey, if Vor Se) Sark: 3 


(14) Ap(W) 


The excess electron density in the P-material is 


An(W) = 0 if Vet 
_x-W 
~ Ly 
An(x) = ee € (long P-bulk) 
x-W 
: aa ~ Ly 
hence Se nampa et 2 | € 3 


The total current at x = W becomes 


ils = Jp Ww) or Jy (W) 
qv 
qD tele qD 
W n0 Ly po 
or 
qv 
qD 
Bi: kT 
(15) J. pre dD an se ; 


Comparing Eq. (12a) and (15) yields the following equivalent circuit. 
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The Importance of the Concept of Frequency 
in the Analysis and Synthesis of Communication Circuits 


How Did it Begin and Develop 


The first electric communication system was the electric telegraph begin- 
ning a little before 1850. As the transmission lines connecting transmitter 
and receiver became longer and also were put under sea, the received signals 
grew more distorted so that recognition was difficult or impossible. Figure l 
shows the distortion of a single telegraph dot caused by sending it through a 
long undersea cable. In answering the question how does this distortion arise? 
— scientists William Thomson (Lord Kelvin), Heaviside, Poincairé, Pupin, Camp- 


bell and others who studied this problem, used theory worked out by the French 


mathematician, Fourier, in his study of heat flow. In applying this theory, 
cet FT oe | 
ESET THUD UV HEU azasaseatccee=toUgeeeeEE NEE 
ae Senet SeSR0S0 05016 “iGuRE 4 PY 
ann ; Bl a Deal | Er + & 
te i at AEH EE PEE 
Seer au Se L Sot 2 
HECHetEeeeEETEETT THEE 
ey eet RERENED :t 
| 
seceaetaeee coueatnssssssecugnnu 
SUSSSHR5 Sey GURSRSS ESSER SRERE === ——— 
SECS E EEE EEE EE 
ssssseet: fostestestoatcseetiae seseae 
a ep 
PEE CECE H Sat HH SeFeeseeneuGe oa oa ale | anaes 


the train of on-off telegraph pulses is replaced by its equivalent, a sum of 
Sinusoidal waves. A sinusoidal wave is the simplest kind of oscillation found 


in nature. As we have already seen in our study of Fourier series, the rates 


of oscillation, or frequencies, of the sinusoids in the sum are harmonically re- 
lated. In the simplest situation these frequencies are harmonics (that is in- 
tegral multiples) of the rate at which the telegraph pulses are transmitted. 
With this view of the telegraph signal, the answer to the question above 
was found. The transmission line did not treat all the frequency components of 
the signal the same. The amplitudes and phases of some components were changed 
much more than others in the process of transmission. Hence the sum at the far 


end of the line did not add up to the waveform as at the transmitter, but to 


some distortion of it. 


This new "frequency" viewpoint provided valuable insight into the behav- 
ior of the electrical system. These studies were further stimulated by the in- ( 
vention in 1876 of the telephone, the signal waves of which were considerably 
more complicated than those of the telegraph. A result of this was that how a 
given electrical network would carry a given signal could be determined by 
finding out its response individually to each of a suitable set of the impor- 
tant frequency components of the signal. The Fourier transform methods in which 
the frequency components are treated as a sum, rather than individually, was not 
thoroughly developed or widely used until about 25 years ago. 

This new idea of representing a signal by a sum of simple sinusoidal sig- 
nals was demonstrated in the case of sound waves by the great physicist Helmholtz. 
By combining certain sound resonators (that is an acoustic system which would 
greatly emphasize a vibration at the single frequency of its resonance), he was 
able to (partially no doubt) synthesize particular sounds by the particular 
set of resonators used. He had used these resonators first to analyze various 
sounds to determine which frequencies were the important ones for that sound. 

Not only were our present day concepts and capabilities of time analysis 
of signals and circuits unavailable then, they were unthinkable in the sense 
that these’ modern concepts and capabilities had to wait for the development of ( 
the understanding of signals and circuits which we have today. The introduction 
of Fourier theory and the frequency concept to provide a description of signals 
and circuits was a great step forward in the development of our present 
understanding. 

But even if in some imagined way the early development had been along 
concepts of time function alone, our present sophisticated understanding of 
communication systems could not have been reached. For the concept of frequen- 
cy is essential to much of our theory and practice. It has been said? "Fourier's 
contribution is absolutely essential to all communication and to communication 
theory." 

Consider how a signal might be described by time properties alone. Could 
we say that it had no slope higher than a certain one? But there can be many 
different signals with a highest slope. And how important to the signal is this 
highest slope? Or consider how a network would be described by its time response 
alone. We know that the impulse response is sufficient to characterize a network, 


C 


but many important details are obscured in this presentation. 


7; : , ; 
J. R. Pierce, Symbols, Signals and Noise, p. 30. 
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The facts are that a transmission system can by physically characterized 
much more precisely in the frequency domain than in the time domain. And this 
is extremely important in a system consisting of many repeated links such as 
are in a transcontinental telephone line. 

Actually both time and frequency descriptions are important in our modern 
understanding and use of signals and systems. One ae the important uses of 
Fourier theory is the transforming back and forth between time and frequency de- 
scriptions. It should be realized that there are always two aspects of our 
problem — 1. signal description and 2. system or network description — whether 
we are concerned with telegraph, speech, control, data, or picture signals and, 
whether we are sending them over a two wire line, a waveguide, free space, a 
simple filter, or a short connection in an integrated circuit. 

It seems obvious that when the waveform of a signal is to be kept within 
certain bounds or has some special use as in telemetry, telegraph, digital trans- 
mission, that a time description is essential. 

But let us consider some of the ways in which a frequency description is 


necessary or very helpful. 


Freguency Division Multiplex 


One of the first of these was the discovery that different radio stations 
could transmit through the same medium simultaneously, each using a different 
wavelength or frequency, although this was foreshadowed by Alexander Graham 
Bell's concept of "harmonic telegraph". Work on this concept led him to the in- 
vention of the telephone. It is hard to imagine that this multiple use of the 
medium for radio waves by frequency division could have arisen if signals had 
been considered from the time viewpoint alone. 

We know now Of course that multiple use of a transmission medium is pos- 
sible also through time division with advantages in some situations. We know 
also that it would not be suitable for broadcasting use, but is most effective 
for point to point transmission, partly because of the problems of synchronizing. 
Further, suitable technology was not available in the early days. 

As more radio stations came to use the transmission medium, the problem 
of interference with one another arose. In this way the concept of the "fre- 
quency space" required for a given signal arose. If the frequency space for 
Signal 1 overlapped the frequency space of signal 2, they interfered with one 
another even though their carrier frequencies, or wavelengths, had a finite 
separation. This concern led to a study of the frequency space required for 


various signals. 


Another factor besides the interference between stations, leading to the 
study of signal bandwidths, is the interference caused by noise (called static Go 
in the early days of radio). It was soon realized that the power of the noise 
which accompanied the signal at every receiver was directly proportional to the 
frequency bandwidth of the receiver as it was tuned to the carried frequency of 
the desired signal. Hence this was another factor in the restriction of receiver 
bandwidths to the minimum required for the particular signal. 

Knowledge of these frequency band requirements, which began for radio, 
was pursued further and used in the. many frequency division systems which even- 
tually put many telephone channels and/or telegraph signals on a single trans- 


mission medium such as a single pair line, or a cable, or a single radio carrier. 


Frequency Description of Signals 


In Figure 2 some effects of the amount of frequency space available on 
speech and music signals are shown, that is, how much frequency space or how 
wide a frequency band is needed for good transmission is shown. While this data 
is given in terms of the frequency bandwidth of a transmission system, it is 
really a frequency description of the signal. In Figure 3 the frequency descrip- 
tion of a certain telegraph signal and a certain television signal are shown. ( 
The telegraph signal is one in which a certain 5 digit character is repeated | 
over and over, thus giving a line spectrum or frequency description. The spec- 
tra for any other 3 on pulses per character would lie within the dashed sinc 
function curve. If rounded pulses instead of rectangular ones, as shown, are 
sent, the required frequency space is much less, as shown, and interference is 
reduced. This important result, worked out in the 1920's by H. Nyquist, now 
retired from Bell Telephone Laboratories, showed that the upper frequencies in 
the spectrum of the telegraph signal were not necessary for its correct recep- 
tion. Thus the problems of speed of signaling and interference for telegraph 
signals, thought of naturally as a time phenomenon, were solved by Fourier theory 
in the frequency domain. The frequency domain results translated again by 
Fourier theory to the time domain became the desirability of rounded pulses in- 
stead of square ones. 

The frequency description of the television signal in Figure 3 is for 
the particular picture shown, but in general, whatever the picture, the energy 
in the signal tends to be concentrated about the harmonics of the line scanning 
rate. The knowledge of the concentration of the signal energy in this way, € 


made possible the addition of color components of a picture signal into the 
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"Gnpty" frequency Spaces with very little additional space required and also 
was an important factor in the compatibility of color and black and white 
reception. 

If we think instead of the time description of a signal, say the waveform 
of the sound made in speaking, one of the most outstanding properties is the 
greatest sharpness of the waveform, or its greatest rate of change. But what 
Slower changes and what their relative strengths are cannot be readily found. 

A little thought will show that Fourier analysis is equivalent to finding the 
relative strengths in the signal of a particular set of increasingly faster 


changes, which together constitute the signal. 


Relation Between Time and Frequency Description 


There is a very interesting general relationship between the time and 
frequency description of a signal. If we have a train of pulses, each having 
duration T, then the frequency band W in which most of the energy of the train 
lies, is related to T by 

lady AY (1) 
where Kj is a number of magnitude near 27 when W is in radians per second and 
T is in seconds. This means that if the pulses in the illustration are narrow, 
or in general if the time variations are rapid, then the bandwidth of the sig- 


nal is large, and vice versa. 


Frequency Description of Systems 


The system (or network, or circuit, or transmission line) is the neces- 
sary means for transporting the signal from one place to another and in general 
will distort the signal in a negligible or significant way. Our discussion 
began with the problem of how it does this. A solution to this problem was 
found by a method which has been used ever since and which has been enlarged 
considerably. This method, as we have seen, is first to resolve the signal into 
a particular sum of Sinusoids. Then in linear systems, which are the great bulk 
of communication systems, each of the sinusoids acts independently of the others. 
Hence their progress through the system may be considered, one at a time. A 
sinusoid is characterized by its amplitude and phase and frequency. Since we 
consider one signal component, that is one frequency, at a time, we are concerned 
only with the first two. If a system changes the amplitude or phase of an im- 
portant signal component, then it will distort the signal. 

This is the frequency description of a system — the amounts it changes 


the amplitude and phase of sinusoids of all frequencies. It is from the reaction 
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of networks to single sinusoids, that the concepts of impedance and admittance, 
so widely used, have come. 

Thus a definite way of studying the performance of systems was found — 
how the distortion depended on the system and how the system could be changed 
to reduce the distortion sufficiently. 

Now we have seen that a system can be completely described by its impulse 
response. But it is difficult to relate the details of signal distortion to 
the details of system structure. This can be done far more readily in the fre- 
quency description of systems. Also at present, far more precise measurements 
of systems may be made in the frequency domain than in the time domain. We 
have found, or will find, that the frequency description of a system (system 
function H(w)) is the Fourier transform of its impulse response h(t). Thus when 
a very precise time description of a system is needed, it is frequently derived 
from the frequency description by this relationship, rather than by direct 


measurement. 


Gain Bandwidth Product 
There is a relation resembling (1) for systems or networks. It is 

Ge: W=K) , (2) 
where G is the gain of the system, in voltage ratio for example. For active 
systems, G can be greater than 1, but for passive systems it must be less than 
1. This means that for a given system, we must take a smaller gain if we want 
a larger frequency band and vice versa. This is illustrated in the curves of 
Figure 4 for two passive networks. Improvements in devices and systems can 
sometimes increase the value of the constant Kz. But for a given system we see 
that the price of a wide band system (large W) is a smaller gain. 

This tends to make a wide band system more expensive and more difficult 
to construct than a narrow one and so we have in this a third reason added to 
those of least interference with other signals and least added noise, for 
knowing the minimum frequency band for our signal and then restricting the band- 
width of our system to this. 

It is felt by many that these frequency descriptions provide a much more 
suitable way of dealing with the interactions of signal and system than time de- 
scriptions do. Even when time descriptions are used as in the discrete sample 
representation of signals and in digital filters, the frequency descriptions 
are usually used in addition. For example, interaction calculations for signal 
and system are often in the frequency domain after Fourier transforms because 
the calculation process (like the measuring process) is much simpler and more 


precise there. 


Information ‘Theory 
The content of the paragraph before: the last one is closely related to 


the expression of the information capacity of a system. This is 


P 

Bits/sec. = W Loge( 5° + 1 (3) 
N « 

where Pe and Py are the signal and noise powers coming through the receiving 

filter of width W. 


Stability of Control Circuits 


One further example of the importance of the frequency description of 
systems is found in the Nyquist diagram for determining the stability of feed- 
back or control circuits. H. Nyquist (referred to earlier) in early 1930's 
transformed early time descriptions of the conditions for stability in a network 
into the frequency domain. This made possible a graphical distinction between 
stable and unstable systems not only for idealized systems which could be de- 
scribed mathematically, but for real systems which can only be described accur- 
ately by measurements. This is an important point, because a very small detail 
(that is a small difference between the idealized and real systems) can be the 
determining factor in questions of stability. Two such Nyquist diagrams are 


shown in Figure 5. 


Conclusion 

While it is possible to describe signals and systems in the time domain 
alone, the use of the frequency domain, brings many advantages both in under- 
standing signals and systems and their interaction and in calculations. Ac- 
tually both descriptions are valuable, but we would be severely handicapped if 
we were restricted to time descriptions alone. The frequency description arose 
first partly for historical reasons and partly because the concepts and tech- 


nology for it are simpler. 
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1. Power Amplifiers General Comments and Efficiency 


While almost all electronic amplifiers are designed to in- 
ere:se the power level of the signal in the circuit, there are 
ee cain forms of amplifiers which are designed to deliver 
cibstartial power to a transducer or other load. When the main 
ourpose of the amplifier is to deliver power we must be parti~ 
cularly concerned with the voltage and current levels in the 
output devices as well as the temperature stability and heat 
dissipation 4n the devices. Consideration of impedance matching 
and overall efficiency and distortion are also more important in 
power amplifiers than in small signal amplifiers. 

When we design a power amplifier we must recognize that 
almost the entire useful active edvan of the device will be. 

Be tant . Actypical power amplifier characteristic and current 
gain curve are shown in Fig. 1. We must select devices which will 
have adequately high breakdown voltage and good linearity over 

the operating region we choose. In the case of transistor power 
amplifiers, the value of loud 4s most critical. The current gain 
of the device falls off at higher current densities due to loss 

of emitter efficiency. We must recognize this when we select the 
operating load line. Complex Sad eee base geometries are used to 
maximize the emitter efficiency while still holding the area of 
the device to reasonable limits. 

Power stages fall into two very general categories. There 


are those that use transformers to couple power devices to the 
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load and driver stages and the direct coupled types. Fig. 2 
shows typical examples of each type. There are many combinations 
of CE, CC, CB coupling possible and only a few more common 
examples will be discussed here. 

For a variety of reasons, class B and direct coupled ampli- 
fiers are most common. 

By the strictest definitions class A means the power stage 
is biased in such a way that current exists in the devices at all 
times. This is a relatively linear mode of operation. inxclass 
B we should have the devices biased at the edge of the active 
region so that there is current only during one half of the input 
ate: Clearly, a single device would give extreme distortion 
so a second device is connected to conduct during the "other half" 
‘of the cycle. We then have so called "push-pull" connection. 
Both Fig. 2a and b are push-pull connections in this sense. In 
fact, we rarely use exact class B but rather some small steady 
state bias. Thus most transistor amplifiers are "almost class Be 
or class AB. The reasons for this mode of bias will become clear 
as we discuss specific cases. 

Figure 3 shows bias points and load lines for class A and 
class B operation. We wish first to consider the efficiency of 
these classes. | 

There are two different ways to look at efficiency. One is 


to define efficiency as 


_ max ower .to load 
max power from supply 


This is useful when we want to know how much of our D.C. power 
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from the power supply can be converted into load power. In the 
case of transistor amplifiers however it is also important, if 
not more important, to consider a merit factor defined by 


H = max_power to load 
max power dissipated in transistors 


and to evaluate H for the worst possible signal conditions. This 
wiil tell us how hot the devices get at yarns when we know the 
maximum nenee rating of the amplifier. The efficiency is calcu- 
lated in the standard way. For class A we have, for sinusoidal 


signals, 
an I, (Ave) V, (Avg) 


Vinax Lax L 


2 2 m 8 Vnax Tax 
The power delivered to the amplifier by the power supply is 


P = Voc I(Avge) 


QA Gk 
and 
V I 
az oo Max 9 max 
Poon Yon SAVE) ya oe 
Then 
aegis PUA Vinax Tnax/® a ne 
A Poca Vinax Tax’ 


This means that at full output, the power supply deiivers 1 unit 
of power and 1/2 unit goes to the load while the other 1/2 heats 


the amplifier. 
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For class B we can calculate, at full power, the efficiency 


Np 4s follows: 
P a Vap Tnax 
LBD 2 
Pocs™ Vig (Avg) = Vos Tay 
Fie” ees 2 
& “QB Tax 7 
Hence | 
Fe PLB - Vap max 1 een 
B  Pocp AEDES Se 


This ‘s 78.5%. Class B is then clearly better than class A since 
this means that for 1 unit of power from the supply almost A/S 
goes to the load and only 1/5 to heat the amplifier. 

It is even more informative nh we calculate the power dis- 
ipated in the transistors for class B as a function of power out. 


We can do this readily as follows. For sinusoidal signals, 
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We may note that the maximum does not occur at full output but 
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‘Whereas FOr class ae ae oa bo .5.. Thus the real advantage cf 
Ppp eek” becomes apparent. That is, the heating in the transis- 
_ tors is less. ‘than for class A. These relations are summarized 
in Pigure b. 

hae oe | As & consequence of the conditions described above, we 

att Pind class A used only at the low to intermediate power levels. 
ee Perhaps tola watt or so. And class B used at all higher levels. 
ae fact we usually find class, B output stages in linear inte- 


grated : ‘clreuits which operate at only a 100 mw or so. 
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vy HEA iret power desired 
2. The impedance of the load 
3. The supply voltage 
4 


- in lieu of 3, the maximum allowed transistor voltige. 


A first design proceeds as follows. A typical D.C. and A... load 
‘line are shown in Fig. 5. The Q point dissipation must be at 


' least twice the desired output. Thus 


The load presented to the transistors should be as Large 


as possible. However there is no point in making tae more than 
2Vag Since we can't use the positive swing anyway. Thus we draw 
an A.C. load line through the Q point and eVog a eae The slope 


of the -load line is 


Pati 0G 
L Ig 
The load is Ri Thus the transformer turns ratio should be 
. 3 Na aA. 
n= (=) 
L 


and the design is finished. 
Figure 6 shows a typical driver stage. Appropriate bias 
resistors must be selected and Vi must be allowed for in the 


overall voltage available. The power gain of the stage is 
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This form of circuit is convenient to transformer coupils 
60 a higher power push-pull stage since a center taoped sex dar; 
can be used to provide the push-pull (phase inverted) drive 


required. 


3. The Class B Push Pull Output Stage 


A basic circuit and load line plot for a class B push—puli 


output stage is shown in Fig. 7. The maximum output is 


V I 
. QB. max 
Py 3 (max) 7 a 
or 
V.4* Ros 
ae SS OE iF 
Ppp imax) % oR" = Inex 2 
L 


Clearly the maximum voltage rating of the transistor must be 


q 
, 4s large as possible to obtain 


i oe : 
maximum power transfer. The limit on Ry is determined entirely 


by the power supplys+ee voltage which must be less than one-half 


OB co: Again we make R 


V and the power demanded. 


Cmax : 
The output transformer turns ratio is simply 


ak 72 % 
Saale ade gal 
where n is 1/2 primary to secondary turns ratio. 
At the input we must try to match the input impedance of 


the stage which is 


Usually this is just Rap = Nae: The input turns ratio is then 
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where a is’ 1/2 secondary to primary turns ratio. This completes 
the very basic amplifier design. 

The next matter is to establish the Q point and hold it 
reasonably steady as a function of ambient temperature changes 
and thermal heating of the transistors. This is most often 
accomplished by using a diode to bias the circuit as shown in 
cm Wie 


The resistor Re supplies a steady current 


The diode voltage will match that required by the transistor 


Quite well. That is, for Silicon 
= 0.6 volts 


Also the thermal coefficient of voltagé will track quite well. 
This bias arrangement is usually stable by itself as long as the 
diode is thermally connected to the heat sink of the transistor. 
There must be some small steady State bias current, To» 

used in order to avoid the rather non-linear first part of the 
voltage transfer curve as shown in Fig. 9. There is actually 

a rather small range of suitable bias voltage because at higher 
bias there is undesirable heating of the devices and at lower 


pias so called "crossover distortion" occurs. 
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Waveshape changes with bias are shown in Fig. 10. Usually 
é substantial amount of feedback is used to reduce the residual 
distortion in amplifiers of this type. 


The gain of the class B stage is 


’ 


Power Gain = h ‘ ML 
fe Rim 


This can easily be several thousand. Thus, @ 10 watt power stage 
can ve driven by a 10 milliwatt driver stage. The driver stage 


will usually be a class A type, single ended. 
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4. Direct Coupled and Complementary Power Amps. 


Because of the size, cost, availability and poor frequency 
response of transformers, the transformer coupled push-pull form 
Oo: amplifier has given way largely to the direct coupled transistor 
types described briefly in this section. 

Two of the more common forms of power output stages used ars 
Shown in Figs. ll and 12. In Fig. 11 we see the simplest form of 
complementary circuit. This makes use of an NPN and PNP power 
transistor and an NPN driver Stage. The details of bias, voltage 
Swing and power capabilities will be discussed in more detail 
later. In Fig. 12 we see the so called quasi-complementary form. 
This uses a compound transistor. in NPN-NPN form and a lower com- 
pound made up of a PNP followed by an NPN. The reasons for com- 
pounding are of course to obtain very high current gain: ‘The not 
SO obvious reason for the lower complementary-compound stage is 
the difficulty of finding suitably high power PNP devices. Thus 
tne PNP-NPN compound nas the electrical appearance of a PNP tran- 
Sistor with the high current nandling capabilities of the NPN final 
stage. 

Our discussion will be concerned with first a general picture 
of operation and second with more detailea voltage, current and 
power limitations. 

Let us first consider the complementary output stage shown 
in Fig. lla. The output stage soba aed With two diodes so the 
transistor is in class B. That is right on the edge of conducticn. 


The driver is biased via an appropriate feedback network so that 


er = 
SJ neon 


oe da mire 


awe 


it operates class A at a collector voltage aprrox’ ny il 

+ oe ° + -~ in. i a iB a , ; 
metween V and V / With V = V this puts the oucput at reo 
ror P.-C. bias conditions. The input signal <s A.C. coupl:d to 
_the driver which provides both voltage and current anplification. 


The output stage then drives the load through T 


7 on The Pos b ive 
part of the cycle and through T5 On the negative part. Thus we 
could provide drive almost to v* and VO on the respective half 
cycles. In some schemes, we use only one power supply end couple 
to the load through a capacitor. This simplifies the rower supply 
but requires a large capacitor in series with the load if the load 
is low resistance. aan 

In this amplifier, both qT and T, are often compounded to get 
high current gain. For compound connection we have approximately 
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h = h 


te ter * rem MPe2 


n h 
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Since the voltage gain of the output stage is unity, we have a 


power gain of about 


2 


far Apel h 


fe2 


This can easily be several thousand. Thus the class A driver can 
operate at a fraction of a watt in an amplifier which delivers 
100 watts or more. More exact limits on the gain and bias situa- 
tion are aeeeieebd a bit later. When the output transistcrs are 
compounded, 4 diodes are used to provide bias. In addition small 


emitter resistors are introduced to control bias and linearize 
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the transfer curves of the transistors even more. 


The Peet corat omen ees amplifier operates in a similar 
manner. We will concentrate our attention on the circuit of Fig. 
13. For the sake of simplicity we have used a single supply and 
capacitor coupled to the load. Some values for a fairly high 
power amplifier and compounded transistors are given. 

The expected output waveform at ee emitters is shewn. 


From the figure we write 
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Now if we set V small © 0 and sum all the voltage applying 
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This is one of our design equations. We also can write 
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Clearly the last two equations are redundant and may serve as a 
ae ; ; 
check on the arithmetic. 

If we inspect these equations we find that the output swing, 
and consequently the power to the load can be made larger by 
making Ry. smaller. Clearly however, smaller values of Ry increase 
the dissipation in the driver transistor. Thus we must establish 
as a major criterion in the design the maximum power to be dissi- 
pated in the driver. 
| Since the driver is class A, this occurs at quiescent condi- 


tions. After we establish this power level, we may get an 


approximate value of Ry from 
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Setting Vo = < Voc is a good first approximation since the varia- 


tion dP, fav, is small at Vg = 5 V 
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Then the first trial gives 


YD 
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x Eos eee 


Q 


For the example values shown in Fig. 13 we proceed as 


follows. 
F (100) - 100(5 3+2x.7) 
eee ee 2200 0 
and 
es ere he 
Vop 5 4 2200 + 2000 a 36a * 41-5 volts 
2000 xo 
Also 


o 1000 a 
Vg 3 #1.4 441.5 (1 + 3x 5000? 48.8 VO... 
Thus the first trial is really very good and we can use the design 
in this form. 
As an exercise it is interesting to see how Vo and Yop 
depend upon R, and Po: Try ae a 4, 8, 16 and Po = 25 55 2 wacres 


For the above amplifier we have in summary, 


Vop = AV .5 Ipp = 5.2 amps 
Vg = 48.8 eee 108 watts 
Ry = 2200 


In fact, these figures are a bit idealized and optimistic. Some 

practical considerations which affect our results and add losses 

in swing are interesting. Since the power out goes as the square 
of the swing, each volt becomes important. 


A more complete amplifier is shown in Fig. 14. 
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a -- Harmonive Oscillators . | : 
i bl | ? ; ; 


Bee one of the sources of signals used in electronic apparatus 

is the oscillator. This is an electronic network which requires 
only the de blas as an energy source, 1.@., no driving signal is 
required or needed as in the case of an amplifier. There are two 

ee different types of oscillators; the harmonic oscillator whose useful 
out sput signal voltage and current are ideally sinusoidal in time, 
and the switching oscillator whose output voltage and current are. 

_ periodic but net sinusoidal wintime. The discussion, here will be. 
ees to the harmonic oscillator. | : 


7 $ 


a, Properties of Harmonic Oscillators 


ieee Beneraliy & there are three properties of a harmonic oscillator 
which are of fundamental importance. These properties are: 

fa) purity of waveform, (b) stability of generated frequency, and 

 (e) stability of the signal amplitude. Each of these is worth a 

>. Short discussion at this time. ae 


strumentation application or in a communications system. In each 
'. scheme, the spectral content of the Signals being processed is of 
- \ first importance. If the oscillator supplies a pure sinusoidal 

ms voltage and/or current, then the spectural content contribution 
from the Oscillator is not only known But is as simple in 4a spectral 
_ sense” as is possibile. 


é A harmonic oscillator output is Geoniis: used in anes an ine 


Bh The Sucpur of the peciliatornsis usually used for a time By 

_ frequency reference in the above schemes. It is then necessary that 

_ the frequency produced by the oscillator be as stable as possible 

over both short and long time intervals. A good ‘harmonic ‘oscillator 
may have a frequency stability measured as +1 heat per 10 miliion, 

‘short time stability. 


The amplitude of the Pee ator output should also be as stable 
as i haha since amplitude changes with time or load causes the 
equivalent of amplitude modulation which complicates the spect: 
 eontent of the signal. Thus if there is amplitude instability 

_ (jitter), the output waveform will contain slgnal components in 
addition to the pure sinusoid desired. | 


Principles of Oscillation ta - 


There are several different approaches to the study of harmo-~ 
oni ee The particular one used may be advantageous for _ 
e types Of Ssecillator -cireutta sand not.too useful for other 

pes, however in principle any one of the approaches may be used. 

pet > these ways. of pad increas an oscillator are: (a) feedback 
ty, Nyquis GS oOdots nd infinite gain. and (bh) ‘cero impedance= @ 7 
CL ve resistance. ‘each approach will be considered. a." 
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&. Feedback Theory, Nyquist Plots and Infinite Gain 


Consider a basic feedback amplifier such as discussed in 


Chapter 18, Gray and Searle, pp, 619-620. Equation 18.4 states 
that | i 


Wee = ee 
e. Vain erase 
A 


For af = -1, the ratio V3/Vj, tends to infinity. Obviously for Vi 
_ finite, the system will overdrive and the model of the amplifier 
- will’ not be correct. However, if Vo 28 finite, then for af = <2; 
Vy must be zero which simply says that this amplifier has an output 
voitage V3 without the need of an input voltage Vj. This is exactly 
what is needed for proper oscillator operation. In order that V 
represent only a sinusoidal voltage, af must be a function of fre- 
quency so that at only a single frequency will af = -1. It then 
appears that at least the f network should be frequency selective 
80 that af = -1 for the narrowest possible frequency range for best 
waveform generation. | | * 
=. One may also consider the Nyquist eriterion. The Nyquist 
i criterion, usually used for investigating feedback amplifiers and 
systems for instability, simply states that a Simple feedback ampli-. 
_ fier will be stable if the magnitude of af(jw) is less than unity 
when the angle of af(yjw) is £180° (page 729, Gray and Searle). But 
“Suppose that af(jy) = 1 when the angle of af(j#) = #180°: then as 
an amplifier, the system is unstable, but as an oscillator, the 
condition for oscillation is met and further, the frequency at which 
this occurs from the Nyquist eriterion will be the freauency of: 
 osciliation. For Nyquist consideration, the gain margin =-1.0, and 
_ the phase margin is zero at the frequency of oscillation. 


B. Zero Impedance and Negative Resistance 

. Another approach to an oscillator study arises from the know-- 

_ dedge that a network which supplies a signal voltage or current to 

_ a@dioad, either real or imaginary, even though the network is supplied 
from no external signal source, must have exactly zero damping. Thus 
each physical rssistance must be either in series with a resistance 
or exactly its own magnitude but negative or is shunted by its nega~ 
tive counterpart, Therefore, elther a calculation to determine the. 
negative resistance in series with a physical resistor or a net 
resistance of zero will yield the conditions for oscillations which. 
are the same as those obtained from Nyquist conditions, feedback 
‘theory, or infinite gain. ak 


_-- Consider the circuit shown. This is one of the common oscil- 


lator configurations, Consider the base resistance Dee 0. Then 
i | | 
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Vz = V,'. The nodal equations for this circuit are 
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Now although g is a pure real number, the eeone side of this 
equation LS on ‘general a complex number. Thus, 

~ \ | | : : ) ane 
me: —£, = Glw) + JB(w) = G(w) + Jo (h) 
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In general, only one value of a) called WwW will satisfy Eq. (4) and 
this equation is used to determine Wa Thue, if 


meh - By GCo, y : | 7 | i i ; | (5) 
ad SG 
the cireuit will osedilate sinee the gain margin will be  ’ ae 
= : 7 ) an a 
; en An. om eh : | . | 
Me. ea aTaoy mee | | . a . , (6) ; 7 


and th o phase margin \ will be zero_ since / el. 


i - > ; 


1 
oy 


BC aa) oe Ae 
, eee pe lee lus 


y ye on 
~ be ee 


= he 


Again, consider Fig. 1. It is desired that the impedance 
connected to Yo be determined. With Y3 removed, the impedance 
between terminals ab is 


L if ma 
Dae Sora me arg aa eae Kg (7) 
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tT 
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at some value of w, oscillations will occur. Substituting Eq. (7) 
into Eq. (8) yields 


We aes eke 9) 
& ¥; 


which is the same as Eq. (3). Note that the net impedance around 
any loop could have been set equal to zero to determine the concéi-~ 
tion of Eq. (9). 


To give some physical insight into this procedure, consider a 
specific example. Assume Y, = 0, Sm 18 a pure real number, and Y 
and Yo to be both capacitive admittances. Thus, 


Yy = Jac, , Yo = Jul, 


Substitution in Eq. (7) yields 


en ‘m2 a Aa 
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rf) 0,05 + 2 


This represents a series connection of two series capacitors and 
a negative resistance. Eq. (8) states that | 
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Thus, the net damping of the complete circuit is zero at the fre~ 
quency w. even though the resistance R does provide positive damping 
to the system. i 4 


\ 


, 


«3, Pypical Oscillator Circuit 
| There are many possible oscillator circuits in which the con- 
ditions for oscillations can be determined. Only two of these wili 


be considered here. 


‘A. The Colpitts Oscillator 


ae - A schematic diagram of a Colpitts oscillator is shown in 


Fig. 2, For this circuit, the two capacitors designated € are 
; ? oc 7 
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Fig. 2 


arbitrarily large so that there is no voltage drop across them. 
_ The capacitor C in series with R is used simply to keep from short- 


- circuiting the collector to ground at de. The resuiting equivalent 


circuit is Cc , 
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if the d 2 collector bias current, ‘is ie rye a ie and C, is large, ; a 
aga ahr and RZ can be ignored. The resultant equivalent circuit then | 
» Fig. 4, and note that C, is in poratied with Cy_. One of the 
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good properties of the Colpitts oscillator is that Ci does parallel 
Cq and can be chosen to so that C, >> Cy. Similarly, Co is also 
usually made very large to mask any stray capacitance variations 
between collector and emitter. With Co and C, of the same order of 
magnitude and rather large, L must be small and Cy which shunts the 
inductor will have negligible effects. Thus, the simplest equi- 
valent Co reuiw.. Pig. 5, Will be; adequate for analysis if Cy and Cz 
Bere large. This is the same circuit as that of Fig. 1 with the 
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substitutions used in the specific example. Using ‘thos é results, 
Ba. tS and Ha. 18, oscillations Will occur Tor | 


Sm * Bo C, Cok (13) 
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Consider the following numerical example. Assume that 
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Cy = Co = 10,000 pf and w, = 10’ rad/sec. A calculation shows 

that L = 2uh, a not unreasonable inductance for Wo = 107 rad/sec. 
Assume further that for the inductor, Q9 = WoL/R = 10, so R = 2n. 
Substitution into Eq. 13 shows that g, =-0.02mho, an entirely 
reasonable value. However, if g,> 0.02 mho, the system will have 
negative damping and the signal levels will increase until nonlinear 
effects limit this signal and the linear equivalent circuit used 
will no longer apply, but at least the circuit will oscillate. 


B, | An Re, Phase Snitt. Oscillator 


The Colpitts oscillator previously discussed finds its great- 
est use in the range of frequencies of 100 KHz to 20 MHz due to 
limitations.on the size of the inductor L. At low frequencies 
such as audio, RC oscillators are commonly used. One of these, a 
phase shift type, is shown in schematic form in Fig. 6. Here an 
FET is used. 


| 
L 
| 


pe zR, 
cameen 


With this oscillator operating at low frequencies, the sitambderes, 
circuit of the FET will contain no capacitances and the overall 
equivalent circuit is as in Fig. 7. Capacitor Cs, is to be large 
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enough to make the source to ground voltage zero. To analyze 
this circuit, assume that Ry, << R. Then the open loop gain (@ open) 
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R, = (R,|[ PQ) (16) 
and 
i ae vz 5 
prt a RE C17) 
Tf the circuit is to oscillate upon closing the loop (@ closed), 
Vo/V = 1. This then requires that the jJ term in Eq. 15 equal Zero. 
There Ore . 
6u w. 3 
te 1 ae 
= = (5) 0 (18) 
and solving for w yields 
(19) 
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Substituting this value of w in the remaining part of Eq. 15 gives 
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I. Device Modeling: Real Circuit Components & Linear Circuit 


Elements 


A. Read pages 1-10 in the text. 


B. An Example - A Flashlight 


The typical flashlight consists of an incandescent bulb, 
one or two dry cells, and a switch, all. connected in series. 
The simplest circuit model for the flashlight is shown in Fig. l. 
The dry cells (circuit components) are represented by a voltage 
source, Vp, (circuit element). The flashlight bulb is repre- 
sented by a resistance of value R. The source V, and resistance 
R are both linear circuit elements. The use of only. such elements 
in a circuit model insures that currents and voltages will be 
linearly related no matter now complex the model, i.e., no matter 
how many linear elements it contains and no matter how they are 
interconnected. 


A circuit model must have some purpose. Presumably it should 
be able to aid us in answering pertinent questions about, in this 
case, the flashlight. For example we might wish to know: 


1. the power dissipated in the bulb, 


2. the power dissipated in a bulb which has a different 
resistance than this one, 


3. how much light is produced in both cases, 
4. how long the dry cells will last in both cases. 


if we have correct values for Vp and R, question number 1 can 
be easily answered using the model of Fig. 1. For question 2, 

we can use the model of Fig. 1 only if we use new values for both 
Rand Vg. This is true because the terminal voltage of a dry 
cell normally decreases as more power-is drawn from the cell. 
Figure 2 shows this for a used "C" cell. Since the volt-ampere 
relation is roughly linear, an internal battery resistance Rp 

can be added in series with Vp in the circuit model. 


Exercise #l: Using the curve of Fig. 2, draw a new 
circuit model for the flashlight using correct 
numerical values for V, and Rp. Assume that the 
flashlight uses this one “C" cell. What is the 
ratio of power dissipated in a 32 light bulb 
to that dissipated in a 92 light bulb? 


It will be noted that to answer even question 1 correctly 
with the model of Fig. 1, one cannot use the voltage stamped on 
the battery case for Vp. The value for Vp must be that measured 
at the correct current value. The model of Exercise 1 is perhaps 
more reasonable to use here also. 


Questions 3 and 4 cannot be completely answered with any 
circuit model. The light output of a heated filament depends 
upon its temperature. This in turn depends upon heat loss by 
conduction and convection as well as upon the electrical power 
input. The life of a dry cell depends upon the chemical energy 
stored as well as the efficiency of conversion to electrical 
energy. Consequently, either some additional data is needed 
from the component manufacturer or these questions must be 
answered by direct experiment. 


Exercise #2: Two "D" cells and a "PR-2" bulb are used 
in a conventional flashlight. Explain how you 
could predict a curve of light power output versus 
time for this flashlight. Indicate what data is 
needed from the cell manufacturer and from the bulb 
manufacturer. Is there any advantage to this 
technique over a direct lifetime measurement? 


It should be realized that both Rp and R change with time 
as the battery discharges. The increase in Rg is fairly obvious. 
But, the decrease in R is perhaps not so apo loues It is due to 
the fact that the resistivity of the bulb filament wire is a 
fairly strong function of temperature. 


Exercise #3: At low temperature the resistance of a 
certain flashlight bulb is 12. Estimate its 
resistance in its operating condition. (Look up 
temperature coefficient of resistance for tungsten 
and estimate temperature from filament color.) 


A fifth question might be asked: “How does the current 
change with time after the switch is closed?" This is not easy 
to answer because R changes as the bulb heats. In addition to 
that, there will be effects due to capacitance and inductance. 
For example, the filament is probably a coil of wire which will 
exhibit an inductive effect limiting the rate at which current 
can build up after closing the switch. An entirely new circuit 
model is necessary to describe this transient situation. 


One last aspect of the flashlight circuit deserves consider- 
ation. It should now be evident that the linear model for the 
bulb has limited value. In reality, if plotted slowly, the volt 
ampere curve would look like Fig. 3. If, in fact, the curve of 


Fig. 3 is replotted on Fig. 2 (Vib = Vierminal 224 Thattery a 


Toulb in the flashlight circuit), the intersection of the two 


curves gives the answer to question number 1. This is the 
graphical solution of two simultaneous Senne One is a 
straight line of the form 


V= V5 ~ IR, [similar to y = b - xm] . 


The second, I = £(V), has no analytic form. 


The purpose of considering the above example is to point 
out the following facts. 


1. A real circuit contains components which usually exhibit a 
rather complex behavior. 


2. Many times certain aspects of this behavior can be approxi- 
mated by modeling the component with linear circuit elements. 
This can be very useful because voltage-current relations in 
linear circuits are derivable with analytical techniques. 


3. If the component shows a very nonlinear behavior it can 
sometimes be handled with graphical techniques. 


4. All interesting attributes of a component can rarely be 
included in a circuit model. 


5. The same component can be modeled in a number of ways 
aepending upon how the model is to be used. 


C. Electronic Device Modeling - Aims of this Course 


In this course we will study the modeling of three important 
electronic devices: the semiconductor diode, the metal-oxide- 
semiconductor field effect transistor (MOSFET), and the bipolar 
transistor. Our emphasis will be on understanding the circuit 
models in terms of the internal physical mechanisms. Basic device 
functions will be discussed but detailed circuit applications will 
be left for later courses. Since all of these devices make use of 
semiconductor material, we will begin by studying electronic 
behavior in the bulk semiconductor and then at interfaces between 
two semiconductors or between a semiconductor and another material. 


The aims of this course are to promote: 


1. Understanding of the difference between real devices and 
linear circuit elements and the need for modeling. 


2. Ability to create low frequency small and large signal 
linear circuit models from a volt-ampere characteristic. 


3. Understanding of simple graphical circuit solutions for 
nonlinear components. 


4, Understanding of basic electronic device functions including 
rectification, amplification, switching 

5. Familiarity with meaning of general semiconductor terms such 
as mobility, diffusion, lifetime, doping, hole, energy gap 


6. Physical feel for operation of pn diode, MOSFET, and bipolar 
transistor. 


7. Understanding of at least one equivalent circuit model for 
each of these devices in terms of physical mechanisms of 
that device. 
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II. Ohm's Law in Metals and Semiconductors 


A. Read pages 43-49. Note the following: 


Be 


ide 


; order of 10 


In a metal, valence electrons are not bound to any 
one atom but can move about freely. 


Typical freg ,elctron density in a metal is of the 
3/com? and this. density is not a function 
of. temperature. ere 


The fact that the charge carrier has a negative 
charge can be proved with a Hall effect measurement. 


There is no net spece charge in a conductor. The 


charge of each free electron is compensated by a 
positively charged ion which cannot move. 


Any attempt to inject a space charge into a metal 
results in a rapid redistribution (<107 sec in 
duration) such that all excess charge appears only 
on the surfaces. 


Read pages 67-70. Note the following: 


1 Ye 


Free electrons in a semiconductor or a metal are in 


constant random motion at any finite temperature. 
. The average velocity vg in any specified direction 


is, however, zero in a thermal equilibrium condition. 


The application of an electric field e« causes a net 


average drift velocity v, proportional to ¢. The 
constant of proportionality is called the mobility 
Ue: . , 
OF me ape. | (1). [see Eq. 2.16b] 


Electrons in metals have smaller mobilities than 
electrons in semiconductors. (Compare values for 
Ge, Si, Cu from Problems P2.17, P2.18, P2.19.) 
This is true because the electrons suffer more 
frequent collisions in the metal. 


The semiconductor has an additional positive charge 
carrier called the hole. It also suffers collisions 
and has its own mobility. 


The hole and electron densities in a semiconductor 
are usually much smaller than the electron density 


‘in a metal. In addition, these densities are 
‘temperature dependent.  — 


sh} 


cs Conductivity 


As pointed out on page 45, it is possible to write an equa- 
tion for the current density 3 (current per unit area) due to 
an electron density n (n aanen of electrons per unit volume) 
with an average drift velocity Vel in the form 


Ra Media bel LR ger nets (2) (see Eq. 2.1b] 


The minus sign is necessary if we consider q to be the magnitude 
of the charge on an EATS aS Combining equations (1) and (2) 
' gives wether Sache ; 


JI @=qnt e€=o6-.¢é | (3) [see Eq. 2.17b] 


Equation (3) is Ohm's law in point form for a metal. If it 
is true for a given resistor, the volt-ampere curve for that 
resistor is linear. For a semiconductor the equation is expanded 
to include: holes. See Eq. 2.18. 


Exercise #4: Using the fact that electric field 
intensity is defined as the force on a unit 
charge,, show that the power dissipated per . 
unit volume in a conductor is 


P = oe? 


'D. Resistive Components 


Many circuit components exhibit primarily a resistive effect 
in the circuit. This may be the intended function of the device. 
One. can purchase a large variety of resistors made with metal 
wire (wire wound), metal thin films and thick films, semiconduc- 
tor materials (pressed carbon, carbon film, germanium), and small 
metal grains. (cermets). These may be fixed resistors or variable 
with some type of sliding contact. Other components in this 
category are resistors used to sense behavior outside the circuit 
such as temperature sensitive resistors (thermistors, semicon- 
ductor resistance thermometers), magnetic field sensitive 
resistors (magnetoresistors), light sensitive resistors (photo- 
conductors) and pressure or strain sensitive resistors (strain 
gauges, piezoresistors). Other devices such as the incandescent 
light bulb, toaster wire, etc., are primarily resistors but 
their purpose is to provide a useful function outside of the 
circuit, the circuit merely being used to provide power and the 
device being a converter of that electrical power to some other 
useful form--usually heat, light or maybe mechanical power. 


E. Forces on Electrons in a Conductor 


To understand the behavior of resistive devices one must 
have some feel for the origins and limitations of Ohm's law. 
It is well known that if one picks a normal well behaved metal 
such as copper and forms a resistor that the VI characteristic 
is linear--but why? The current in the wire is due to electrons 
moving under the influence of the applied voltage which produces 
a force on an electron given by 


Electric Field Intensity = F per unit charge = ¥ (4) 
where & is the length of the wire. This assumes a uniform wire. 


Now if these were simply free noninteracting electrons one 
might expect that they would accelerate under the:influence of 
the force, i.e., 


ave 
Fem at = ae » | | (5) 
where m is electron mass, q is electron charge, and v is 
electron velocity. By combining Equations (2) and (5), one 
obtains cae : . 
& = m dJ 
2 atc 
q 
If the material is MOSER CHS with a cross aeceeonal area A, 
we can write 


. me al 
Ch Sah pr emir T ais 
q nA 


This is obviously not Ohm's law. In fact the form of the volt- 
ampere relation is the same as that of an inductor (although the 
physical mechanism is different than the inductive effect usually 


considered in a.coil). 


Consequently we must conclude that this simple model for 
electron motion in a metal is wrong. It is wrong primarily 
because it neglects the fact that an electron cannot pass freely 
through a material without interacting with it. This interaction 
can be thought of as a collision process which causes kinetic 
energy, picked up by. the electron accelerating in the electric 
field, to be transferred to the lattice atoms, causing the 
Material to heat. 


The process of transferring energy from the electron cloud 
to the atomic lattice can be adequately described only with the 
use of quantum mechanical concepts. One speaks of electron- 

honon collisions where the phonon is defined as a quantum of 
lattice vibrational energy. Such collisions either create or 
destroy phonons (add or subtract fixed amounts of energy to the 
vibrational modes). This is analogous to the absorption or 
emission of light energy from a material where one speaks of 
electron-photon collisions. In that case the photon is a 
quantum of electromagnetic energy. 


Anyway, if we average the effect over the cloud of electrons, 
the electron-phonon collisions produce a damping or "frictional" 
force component which is proportional to average velocity. 
Consequently, in the presence of a constant electric field the 
force due to that field and the frictional force become equal in 
a steady.state situation and Equation (1) is justified. 


F. Temperature Dependence of o. 


The value of the mobility will depend on temperature. It 
normally decreases as temperature increases because more phonons 
exist at higher temperature and therefore electron-phonon colli- 
sions become more frequent. This is the cause of the positive 
temperature coefficient for most metals (and for eat ale 
semiconductors). 


The thermistor exhibits a large negative temperature coeffi- 
cient of resistance. This is due to the fact that the electron 
(or hole) density increases rapidly with temperature and this 
erfect overcompensates for the effect of the change in uw. See 
Eq. (3). This is characteristic of an intrinsic semiconductor. 
In such a material there are no free electrons at a temperature 
of 0°K. The material is essentially an insulator for very low 
temperatures. All electrons are bound to individual atoms in 

the lattice. However, in contrast to most insulators, it takes 

a relatively small amount of energy (of the order of 1 electron- 
volt) to free the outermost bound electrons. Consequently at 
higher temperatures a significant fraction receive enough thermal 
energy to be freed so that they can move about in the material as 
conduction electrons. The temperature dependence of the electron 
density is approximately 


n(t) « e 2kt ; | (6) 


where k is Boltzmann's constant, T is absolute temperature, 
and Eg is the excitation energy necessary to free one electron. 
This energy also is called the "gap" energy. 


Exercise #5: Find the ratio of free electron density 
at a temperature of 50°C to that at room 
temperature, 25°C for a semiconductor with a gap 
energy of: a) 1 electron-volt, and b) 0.5 electron- 
volt... 


III.. Charge Carriers in Semiconductors 


Some important points from pp. 49-63 and lectures. 


deg 


The hole is a particle with positive charge gq (=1.6 ag +? 
coulomb) and positive mass m,. It moves about in the semi- 
conductor in much the same way as a "free”“ electron. 

For example, in an applied field we can observe a hole 
mobility Une 


Electrons and holes can coexist in a semiconductor each 
having its own mobility. 


In an intrinsic semiconductor p=néin,., which is a strong 
function of temperature. See Equation 6. 


In group IV semiconductors (Si, Ge), donor impurities 


(group V atoms) or acceptor impurities (group III atoms) 
can be added to produce extra electrons or extra holes 
respectively. 


This process is called doping and the material is now an 
extrinsic semiconductor, either n type (Ng>Na) or p type 
(Nqg>Ng)- The quantities N, and N, are densities of 
conor and acceptor atoms. 


In the extrinsic semiconductor p # n. However it is still 
true that 


pn =n, (T) [See Eq. 2.8] . (7) 


Consider a p type semiconductor. The hole is now called 
the majority carrier and p*N_. The hole density is 
practically temperature independent near reom 
temperature but 
n;2 
ns — 


Na 


(the minority carrier density) is extremely temperature 
dependent, as well as being a much smaller number than p. 


Charge density in a semiconductor with both donor and 
acceptor impurities is 


p.= g(p.¢.N,-n- NN.) . [See Eq. 2.6] (8) 


B. Energy Band Model for Electrons and Holes ina Semiconductor 


Hopefully, you are familiar with.the fact that electrons bound 
to an isolated atom are situated at certain fixed allowed energy 
levels. Classically we like to think of these electrons as traveling 
in certain fixed orbits about the nucleus. An electron can be 
excited from one level to another by some external energy source 
such as electromagnetic radiation (photon absorption). On the 
other hand, all energies other than these discrete levels are 
forbidden to the electron. 


If a second atom is placed in the vicinity of the first, the 
two perturb one another in such a way that there are now twice as 
many energy levels as before. If many more atoms are brought into 
the picture to form a solid, the effect is to produce bands of 
energies which include so many closely spaced energy levels that 
they can be considered as continuous, allowed bands. They are in 
turn separated by forbidden bands. See Figure 4. This band model 
is very useful for describing conduction processes in semiconductors 
and semiconductor devices. In a semiconductor at 0°K all bands up 
to and including the valence band are filled with electrons. The 
conduction band, separated from the valence band by the gap eneroy, 
Bai 1s empty. See Figure 5. 


t is obvious that an empty band cannot contribute to electrical 
conduction. It is not so obvious that the same is true for a full 
band. Basically this is a fact because the applied electric field 
must give energy to the electron cloud in order for there to be a 
current. Usually the field is not strong enough to excite an 
electron out of the full band to a higher band. Consequently, 
in the full band, any increase of energy by one electron must he 
compensated by a decrease in energy by another. If one wishes to 
claim that Newton's law holds for these electrons, it is unfortu- 
nately necessary to postulate an effective mass for them which is 
a function of their position in the band. In order that there be 
no net current in the presence of an applied field, those electrons 
near the top of the band must have negative effective mass if those 
at the bottom have a positive mass. 


Consider an intrinsic semiconductor. At finite temperatures 
the conduction band is partially filled with a few electrons of 
Gensity n. They are situated near the bottom of this band, have 
positive effective mass and can easily be nudged into slightly 
higher energy levels by an electric field. 


In this case the valence band can also be energized by a field 
because of the empty spaces available after the n electrons per unit 
volume are thermally excited to the conduction band. Consideration 
of all of these electrons with varying positive and negative effec- 
tive masses is however very complicated. Instead of doing this, 
the Superposition argument of Figure 6 is used. One merely equates 
the almost filled valence band to a completely filled valence band 


plus another valence band which is nearly empty except for a few 
particles which have positive charge and positive mass. These 
particles, called holes, exactly cancel the effects of those 
negatively charged, negative mass electrons previously added to 
create a filled band. 


Now the filled band can be ignored because it does not contri- 
bute to conduction. The valence band becomes an almost empty band 
of well behaved particles. The density p is equal to n in the 
intrinsic material. In n type material, the donor atoms contribute 
extra electrons to the conduction band (and p decreases [page 59]). 
In p type material the acceptor atoms contribute extra holes to the 
valence band (and n decreases). 


C. Optical Absorption - Excess Carriers 


An electromagnetic wave of frequency f contains photons of 
energy 


E =hf , (9) 


where h is Planck's constant. If Ep is less than the gap energy 
Eq Of a semiconductor, the wave cannot excite electrons from the 
valence band to the conduction band. If other energy absorbing 
mechanisms are small, the material will be transparent to that 
radiation. On the other hand if E,>§: the photons can be 
absorbed. The material becomes opague for frequencies above 
£i=-b /h. 

g 


A pulse of light impinging on a semiconductor can, therefore, 
produce an excess hole-electron pair density. Obviously these 
excess holes and electrons will not remain forever but will 
recombine in a time called the lifetime. If the light is steady, 
a constant excess density will result, determined by the balance 
of generation by the photons and recombination. 


Exercise #6: Silicon has an energy gap of 1.1 iV. 
What is the cutoff frequency below which 
radiation will pass through Si? Name at least 
two semiconductor materials throuyh waich you 
coulda probaply see. 
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TIzt. Continued 


D. Some peints from pp. 63-73. — 
Most of this material is adequately explained in the text. The most 
important new relationships presented are Equations 2.10, 2.12, 2.14, 2.19, 


2.23 and 2.24. Alse remember that, with excess carriers present, pn # nf. 


— Additional comments on lifetime 

Lifetime can be affected by impurities and dislocations in a semiconduc- 
tor as well as by the basic crystalline structure. For example, highly purified 
Single crystal silicon may have lifetimes in the millisecond (1073 sec) range. 
Microsecond (10°© sec) times are more common. On the other hand, even very 
pure GaAs might have nanosecond (197? sec) lifetimes. In all cases, these 
times are much longer than the dielectric relaxation time, tT, = £/o0. 

Let us consider a semiconductor with lifetime t. If at time t = 0 the 
excess density is n’(0), the decay of excess electrons for t > 6 is given by 


the differential equation: 


din 

a +R Od 

dn . nn’ ans sare : , 
come fo mee BF SE seaemccen =e SE . ; é 
Te tnite ae raaaia ya 0 id} 


'Whis has the solution n’(t) # n’(0) exp(-t/t). This result does not hold if 


there is carrier transport by drift or diffusion. 


IV. The Hayne s-Shockley Experiment 


BR. Introduction 

The description of the behavior of excess carriers in a semiconductor 
usually involves three important phenomena: motion due to an electric field, 
motion due to a density gradient, and recombination. Since ail three phenomena 
can cccur simultaneously and since each can vary with position in the material, 
the carrier transport problem is, in general, very intricate and fascinating. 
It ig also mathematically quite complex and consequently, in this course, we 
choose to use only the results of that mathematics to describe the behavior 
of a few important devices. 

In spite of the mathematical difficulties, a considerable degree of un- 
derstanding of the physical mechanisms involved in the transport of excess car- 
riers can be obtained through performance of the so-called Haynes~Shockley 
experiment*. This experiment can be used to measure minority carrier mobility 


vw, Giffusion constant D, and lifetime tT. 


B. Injection and collection of excess carriers: ; a 
The Haynes“Shockley experiment depends upon the ability to excite excess : | 
hole-electron pairs at some point or over some small volume ef a semiconductor F 
bax. This is normally called injection of minority carriers and it can he ef- Ly f 
fected most €asily by shining a spot of Light on the bar.’ Although the majority 
carrier is also injected in this process, it is rarely mentioned because the in- 
jected density is normally much smaller than the thermal equilibrium majority 
carrier density value. In the future we will show that such minority carrier 
injections can also be produced by either a pn junction or a certain type of 
metal-semiconductor junction. 

For this experiment it is also necessary to detect the presence, locally, 
of excess tinority carriers in the semiconductor bar. This too can be done 
with a pn junction or metal-semiconductor (Schottky barrier) contact. In our 
version of the experiment we place a sharpened point made of phosphor-bronze 
on the bar. If properly made (witchcraft is necessary hers), the contact be- 
comes a rectifier, i.e., it passes majority carrier current easily in one direc~ 
tion but not the other. If the contact is “voltage biased” with the correct 


polarity (for low conduction); it will exhibit a measurable current increase 


when minority carriers are present beneath it. In this situation, a high 


field at the contact will sweep the minority carriers into the detector circuit. 4 


C. The experimental arrangement 
The circuit used for this experiment is shown in Fig. 7. . The strobotac 


produces a train ef bright light pulses less than 107° sec in duration. Con 


a 


sequently, at given times, a pulse of holes is produced at x = 9 in the bar. 

A power supply sf is attached to the ends of the bar with ordinary, non-recti= 
fying ("ohmic") contacts. The detector circuit consists of the point contact 

at x = Ly, a series resistor, and a bias battery. The voltage across the resis= 


tor is measureé with an oscilloscope. 


a a a eee eee 


D. Measurement of By, 
The power supply produces an electric field in the bar of magnitude 
f 
gw Vif by 4 . 
From the oscilloscope picture it is evident that the pulse takes t, seconds to . 


! i 
travel from x = 0 to x = Ly. Therefore the pulse velocity is 
The mobility of the pulse is 

Bem VSR = Lay hg/t V, « 
This is also approximately equal to the mobility of the holes i). 


E. Measurement of t 
The total number of excess carriers in the pulse will decay in time as 


Bee EO) Bore | 


at least two different spacings L,, it is possible to obtain an approximate 
measurement for t+. Figure 8 illustrates the effect of varying L}. To a good 
approximation P(t) is proportional to the area under the pulse at the time t. 
Exercise #7: If the area under the pulse in a Haynes~Shockley | 
experiment is haived when L; is changed from 1.0 ca to 1.5 cm, 
what is the carrier lifetime? Assume the mobility has already 
been measured and is 500 em /volt~-sec. The value for E is 46 


volt/em. 


F. Measurement of Dd 

Notice that we have associated lifetime with the pulse area but not 
with the pulse height. This is due to the fact that diffusion would cause 
the pulse amplitude to decrease in time even if the lifetime were infinite. 
The effect of diffusion is to spread the pulse as is shown in Fig. 9. The 
combined effect of diffusion and recombination is a spreading and a decrease in 
area as time progresses. 

The diffusion coefficient can be calculated if one knows the mathematical 
expression for the pulse density as a function of time and space. The expres- 


sion is included here for completeness: 


(xp, Bt) 2 


440d, t h 


This expression can be derived from the combination of the expressions for 


drift and diffusion current, coupled with the equation for recombination and 
the general requirement of continuity of hole flow. The continuity requirement 
Merely states that hole flow into an infinitesimal volume must equal the net 


recombination rate. 


*References: 
i. Haynes and Shockley, Physical Review, vol. 75, p. 591, 1949. (This is 
the original paper.) | 
2. Gibbons, Semiconductor Electronics, McGraw-Hill, 1966, pp. 120-125. (A 


good reference book for this course.) 
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